SUGGESTED EXPERIMENTS IN
SCHOOL MATHEMATICS

J. N. KAPUR

1 Patterns in Numbers

Experimentﬁ : 101 to 110

Expériment_lﬂl. Patterns in Rows and Colamns,

Let the teacher write all the numbers from 1 to 100 on the
blackboarﬁ and asic the children to find all the patterns they find
there : .. _

r 2 3 4 5 6 7. 8 9 1o
i1 12 13 14 15 18 17 18 19 20
20 022 23 24 25 26 27 28 29 30

“31 32 33 34 35 36 37 38 39 40
41 427 43 44 45 46 47 4B 49 50
51 52 53 54 55 56 57 38 59 60
61 62 63 64 65 66 67 68 69 70
76072 73 0 15 1% 1T 18 79 80
81 82 8 84 85 8 87 88 89 90
91 92 93 94 95 96 97 98 99 100

Some pa'ttems which they may discover are :

(;) "All nuribers in the first column end, with 1, all nnmbcrs i)
the second column end with 2 and so on till ali nambers:
in the tenth column end with 0.



(i) If we leave out the last column, all numbers in the second
row begin with 1, all numbers in the third row begin with 2
and so on till all numbers in the teath row begin with 9.

(iii} Numbers in each row increase by unity.

(i) Numbers in each column increase by ten.

After this, children can be asked questions like the following :

(@) Suppose the table of numbers is continued beyound 100, in
which columns and rows will the following numbers occur :
3456, 2347, 4589, 3250 7.

(b) What are the sums of numbers in various rows and
columns ? Do you see any patterns there ?

Experiment 102. Patterns in Diagonals.

(/) Successive numbers in dlagonais shown by dotted lines
differ by 9. The numbers. increase successively by 9 if we
go down a diagonal and they decrease successively by 9 if
we go up a diagonal. A sequence of numbers in which num-
bers increase or decrease by a constant number is called an
-arithmetic progression. Children can give other gxamples
e.g., numbers in each row form an arithmetic progression
with common difference ] and numbers in each column
form an A.P. with common difference [0. If we consider
numbers in- first two columns and add the numbers along
the dotted lines, they form an A.P. with common difference
20. Children can also find A.P.’s here with common dif-
ference 30 or 40 or 50 etc. The sequence of sums of num-
bers in rows (or columns) also form an A.P.

() Successive numbers in diagonals shown by full lines differ
by 11. The numbers increase successively by 11 as we go

-down a diaronal and they decrease successwely by 11 as
we go up a diagonal.

(i) If we leave out the last column, the sum of the digits of
numbers along a dotted diagonal is the same. However if
when the sum of digits exceeds 9, we again take the sum of
digits, we have not even to leave the last columsn.

(iv) If we leave out the last column, the sums of digits. of num-

bers along a full-line diagonal form an A.P. with common
difference 2.

{v) Children can form other diagonals like those shown by dotted
lines and study their patterns in the same way as above :
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(vi) Children can be asked questions like the following :
(a) Form diagonals in which the difference is 29, 31, 41 ete.
(b) Find the sum of all numbers in each diagonal.

tperiment 103. Other Similar Patierns.
(i) Let the children find similar patterns in rows, columns and
diagonals of the following two tables.
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+ (if) Lét the children compare the pajferns in diagonals of all the
threc ‘tables given so far, The detted diagonals form
“A.P.’s with common difference 9, § and 6 respectively.
The full-line diagonals form A.B.'5 with cormon difference
11, 7and 8 respectively. If they:form similar dotted and
full-line diagonais in similar table with 4, 5, 8 or 4
coluitns, what common differences do they expect ?

"It is obvious that the above tables can give a really rich variety
of pattens and the patterns we have given a}"m?g» form just a sample.
The'children may be encouraged to find more patterns and to try fo
understand the reasons for the same. s

Expeﬁmexit 104, Patterns in Multiples of T;vé, Five mgi Ten.
© {4) Let thé children write all numbsps 110 100 as in the first

. table and enclose multiples of 2 in full girsles?, multiples of

5 in dotted circles and multiples of 10 in full squares.

. Different coloured circles may also be uspd for this purpose.

: k For conveniencs, in the following Sgures, mhi@edrawn closed oval
“eurves {;{ﬁgg@) insend of circles and rectangles insiead of aquares,

s

1 @& 3 @OE@E 7 9 [Cioy
i d» 3 @@ 5 G das |9
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Let the children note that :—
. (i) all multiples of 2 [denoted by M(2)] occur in even-num-
bered columns.
{#) all multiples of 5 [denoted by M(3)] occur in columns
whose numbers are multiples of 5.

(ifi) all multiples of 10 (denoted by M(10)] occur in columns
whose number is 10.

(v} if one number in a column is included, each number in that
column is included.
Experiment 105. Patterns in Multiples of Three and Nine.

In the following figure, multiples of 3 are enclosed in full circles
and multiples of 9 are enclosed in dotted circles.
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Let the children note that :

(f) Multiples of 3 [denoted by M(3)] show a diagonal patterns
and multiples occur in every column.

(if) Multiples of 9 [denoted by M(9)] also show a diagonal
pattern and multiples occur in every column.

(iii} The number of multiples of 3 in successive rows are 3,3,
4,3,3,4,3,3,4,...... The same pattern holds for multi-
ples of 3 in successive columns. How many multiples of 3
will be in the 20th row, 21st row, 22nd row ?

(i) The number of multiples of 9 in successive rows are 1, 1,
1,1,1,1,1,2,1,. What will be the pattern if we continue
the numbers beyond 100 ?

(¥) In every row (or column) there are two noh-multiples of 3
between every two multiples of 3.

Experiment 106. Patterns in Multiples of Four and Eight.

In the following figure, multiples of 4 are enclosed in full circles
and multiples of 8 are enclosed in dotted circies.
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Let the children note that :

() Multiples of 4 and 8 show diagonal pattern, but all columns
are not represented.

(1) The numbers of muitiples of 4 in successive rows are 2,3,
2,323,23,.. and the numbers of multipies of 4 in
successive columns are 6, 5, 0, 5, 0,50,50,5,

(ifi) The numbers of multiples of § in successive rows are |, 1,
1,2,1,1,1,2, 1, §,......
The numbers of multiples of 8 ip successive rows are 0, 2,
0,2,0,3,0,30,2,.....

Lxperiment 107. Patterns in Multiples of Six and Seven.

In the following figure, multiples-of 6 are enclosed in full
circles and multiples of 7 are enclosed in dotted circles.
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Let the children note that :

(f) Multiples of 6 show a diagonal pattern, but.all columns
are not. represented.

(ii) Multiples of 7 show a diagonal pattern, but all columns
are represented. '

Experiment 108. Summary of Patterns in Multiples,

Let the children summarise the' results of the last four eXperi-
ments as follows :
{®) M(2), M(5), M(10) show column patterns. Some columns
" are represented completely, others are not represented
at all. . ‘
(6) M(3), M(T), M(9) show diagonal pattetn and all columns
are represented.
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M4}, M(6), M(8) show diagonal patterns and all columns
are not represented.

‘What is special about these three different cases 7 We note
that :

2, 5, 10 are factors of 10

3,7,9 are not factors of 10, nor ihey have a faclor
common with 10. These numbers are said to be prime
to 10.

4, 6, 8 are not factors of 10, but they have a factor
commen with 10

" What patterns do the children expect” when they take multiples
of 11or 12 or 13 etc.?

@

(i)

Let the children circle M{(2} and M(3) in different colours
and note that M({6) are circled in bothecolours, Similarly
let them circle M{2), M(3} and M(4) with different colours
and note that M{12) are circled in all three colours.
What conclusion do they draw ?

Instead of drawing circles, the children may write the
numbers in squares and shade them as in the following
figure which shows muitiples of 1§ and 12 and shows the
diagonal patterns.

square from which squares representing M(2), M(3), etc.
have been cut out. When a reader is placed above the com-
Plete 10x 10 square, it shows the correspoading multiples.
When readers of M(2), M(3) are placed simultaneously,
M(6) are shown. The original 10 x 10 square with numbers
1 to 100 may be made on a flannel graph [see Chapter 14].

Expeument 109. Patterns in Multiples with Nine or Less

Columns,

We | now see whether a similar pattern holds when we arrange
numbers in 9 or less columns.

N

N

N\
N4

N

\ \
;/
\
(o3}

H

)

()]

Y

A Y

N
XX
v AN

N \ ‘\
\ \
hJ Y
hY N\

fl2l3tats!le iz is]a |
777 "
_.H__Ajle 13 'j,, s lw |7l | B |20
2l EZ22 23 ¢/2q/ 25 26 | 27 | 28| 2% | 30
e e A ey
| 31 | 32 5335 34| 35 367 37 | 38 | 39 | 40
. Yl
4l | 421 43 544 45 | 46 | 47 %éf 49 ;G/f
5 |52 |53 |54 E55 561 57| 58] 59 ééé/
6 |62 | 63|64 |65 Eeed g7 | 83 | 88 | 70
71 %’?’f 75 178 |75 | 76 =77= 78 | 79 | 80
L2, T
8 | 82 | 83 /B4 65 | 86 | a7 Eees e | %0
il L 7
91 | 92| 93| 94 | 95 [/8g/) 97 | 98 =895 KO

(i} An alternative way is to make ‘*window-readers’ for M(2},

M@),

M(4)......

LSM0Y, ML, M) ete.
card board pieces of the same size as the abave big

These are
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It can be verified that
&
(ii)

multiples of 2, 3, 6 form column patterns. ‘

multiples of 5 show a diagonal pattern in which all

(iif)

‘columns are represented.

multiples of 4 show a diagonal pattern in which all columns
are not represented.



In the same way let the children arrange numbers in 7, 8, 9, 11,

| 2
hold viz.
()
(i)
(iif)

... columns and note that the above results continue to

multiple of factors of the number of columns show columa
pattern, :

multiple of those numbers which are prime to the number
of columns show diagonal patterns in which all columns
are represented.

multiple of ather numbers show diagonal patterns in which
all columns are not represented,

Experiment 116. Patterns in Primes

Q)

(i)

Let the children find all the prime numbers less than 500
(say). These are:

2,3,5 7, 11,13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53,
39, 61, 67, 71, 73,79, 83, 89, 97, 181, 103, 107, 109, 113,
127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181,
191, 193, 197, 199, 211, 223,227, 229, 233, 239, 241, 251,
257, 263, 269, 271, 277, 281, 283, 293, 307, 311, 313, 317,
331, 337, 347, 349, 353, 359, 367, 373, 379, 383, 389, 397,
401, 409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463,
467, 479, 487, 491, 499, '

Let the children arrange these in 10% 10, 15x 15, 20x 20,
25%235, 30x30, squares and mark with dots the prime
numbers therein and try to find if there are any patterns.
They may note that some columns do not contain any
prime numbers and some contain only one. What is the
reason ? Let them also count the number of primes in
each row.

JENVEN E, S

.~

(iff) Let the children form the foliowing table :

| Number of primes less than N

N

30

100 |

150

200

250

7300




There is a pattern here, though the children may find it
difficolt to find it, since it involves logarithmic function.

() Let the children find the number of twin primes i’e .
prime pairs differing by 2 only e.g., (3,5), (5, 7). (11, 13},
{17, 19), (29, 31) etc. below any given number.

{¢y Let the children guess how many prime numbers are there
in all 2nd how many twin primes there are in ail. It has
been proved that the number of prime numbers is infinite,
Ttis also believed that the number of twin primes is also
infivite, though the result has not been proved so far.
The children may be interested to know that the largest
known prime number is 242 —1 which has 1332 digits and
the largest known twin primes are:

140,737,488,353,699 and 140,737,488,353,701.
The children may wonder how it has been possible to
find these. The secret is in the clectronic computer and
the mind of man.

{vi} Let the children continue the spiral pattern shown on. the
next page.

Do the children find any patterns here ? Do they find that
‘some diagonals confain even numbers only and some contain odd
numbers only ?

In similar 10x 10, 15x 15, 2020, 25 %25 splral patterns, let
the children mark the primes with dots and see what patterns they
get. : ‘
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Patterns in Squares, Cubes
and other Pow_ers of
Natural Numbers

Experiment 111.

Number

b bk ot et ot P etk
SIAN A R W — OO S0 1O LN R IR e

Preparation of Tables of Squares and Cubes

Experiments : 111 to 120

Let the children prepare the following table :

Square

16
25
36
49
64
81
160
121
144
169
196
225
256
239

Cubc

27
64
125
216
433
512
729
1000
1331
1728
2197
2744
3375
4096
4913

|
|

Number

13

20
21
22
23
24
25
26
27
28
29
30
32
33
34

Square

361
400
441
484
525
576
625
676
729
784
841
900
941
1024
1089
1156

Cube

3832
6859
8000
0261
10648
12167
13824
15625
17576
19683
21952
24389
27000
29171
32768
35937 ;
39304

Square

1225
1296
1369
1444
1521
1600
1681
1784
1849
1936
2025
2116
2209
2304
2401
2500

o
)
=
@]

42875
46636
50653
54872
59319
64000
68921
749238
79507
85184
91125
97336
103823
110592
117649
125000

The children can form teams for this purpose and the whole class
can combine together to prepare a correct table of squares and cubes
of all numbers upto 100. There can be a competition as to who
makes the least number of mistakes.

Experiment 112. Patterns in Squares and Cubes of odd and

even numbers

There are two types of natural numbers viz. even and odd.
Even numbers are numbers like 2, 4, 6, 8,...which are divisible by 2.
Odd numbers are those like 1, 3, 3, 7,...which are not divisible by 2.
Let the children note that

)

(ff).
(i)
{iv)

Squares of even numbers are always even and further
squares of even numbers are multiples of 4 (every even
number has 2 as a factor, therefore its square has 4 asa
factor)

squares of odd numbers are always odd.

cubes of even numbers are even and are multiples of eight.
cubies of odd numbers are always odd.

Experiment 113. Patterns in Powers of Numbers of three

On

numbers,

(a)
G}
(@
(i)

(i)
.(ffi)

Classes Obtained by Dividing Numbers by
_ three,
dividing a natural number by 3, we get three types of

Numbers of the first kind which give 0 as remainder eg.
3,69,12,15...........

These are of the form 3a where n is any natural number.
numbers of the second kind which give | as remainder e.g
4,7, 10, 13, 16,.......

These are of the form 3n+1,

numbers of the third kind which give 2 as remainder e.g.
5,811, 14, 17,......

These are of the form 3x+2,

The children easily find that :

squares of numbers of the first kind are numbers of the
first kind and are multiples of 9 [ (3n)? =9p2 ]

squares of numbers of the second kind are numbers of the
second kind [ (3n4-17=3 (32 4+-20)+1 |

squares of numbers of the third kind are numbers of the
second kind [ (3n--2y=3 (3~ 4n=1)+1 ]



() no number of the third kind can be a square number.

¢v} the cube of a number of the first kind is 2 number of the
first kind and is a multiple of 27.
[ (3Peed x 9132270 ]

{vi} thecube of a number of the second kind is a number of
the second kind. .
[(GnH1p=27 2100+ 90+ 1=3 (90 + 92+ 3 4) 4+ 1 )

(vif) the cube of a number of the third kind is a number of the
third kind.
{3n42) =0T 4 S4n*+-36n+-8= 3(§n3+18n3+12n+2)+ 2]
The children can see these resuits more easily by arranging
numbers as below :
First Kind : 4 Second Kind 1 B Third Kind : C
3 : 1 2
6 4 5
9 7 ' 8
12 HY 11
15 13 14
18 16 17
21 19 20
24 : 22 23
21 25 . 26
30 28 ‘ 29
33 31 . - 32

and then seeing that the square of any nomber in column A isin A,
the square of any number in column B is in B, the square of any
number in column Cis in B, the cube of any number in column A is
in A, the cube of any number of column B is in B and the cebe of any
qurber it column C s in C. Symbolically we can write
A=A BMB, Ci=B, A®=A, B*=B, (3=C
similarly;the children can show that:
Al=A, Bi=B, C*=B, A=A, B’:=B, (*=C
They can now deduce the general resuits :
(i) Every power of a number in A isin A
(i) Every power of a number in Bis in B .
(i) Odd powers of a numbet in C are in C and even powers of
3 number in C are in B.

Experiment 114, Patterns in Powers of Numbers of Four
Classes Obtained by Dividing Numbers by
Four,
In the same way children can divid= numbers into four classes.
viz. these which leave remainders 0, !, 2, 3 respectively on beip
divided by 4, so that we get the following classes :

D E F G
4 1 2 3
3 5 6 7
12 g 10 11
16 13 14 15
20 17 18 19
24 21 22 23
28 25 26 27

The children can now prove the results

D?=D, F:=E, F=D, G=
D¥=D, E’= E, F=D, G¥= G
Di=D, E*=E, F'=D, G'=E

..................

and lhen obtam the general results :
(i) all powers of numbers in class D are in D
(if) all powers of numbers in class E are in £
{iii) all powers of numbers in class F are in D
(iv) even powers of number in G are in E and odd powers of
numbers in G are in G.

Experiment 115. Patterns in Powers of Numbers of Five
Classes Obtained by Dividing Numbers by

Five,
. By dividing numbers by 5, we get the following classes :
P Q R s T
5 1 2 3 4
10 6 7 8 9
15 11 12 13 4
20 16 17 18 19
25 21 2 23 24
30 26 27 28 29

35 k} | 32 33 34



 The children can show that

Pi=P, Q'=Q, R:=T, S!=T, T:=Q
Ps=P, Q®=Q, R%=S, $'=R, T=T
PP, Qi=Q, Ri=Q, $'=Q, Ti=Q
Pi=P, Q*=Q,.R*=R, $=S§, Ti=T

Thus
(@) all powers of numbers in P belong to P
(i1} 3l powers of numbers in Q belong to Q

(#i} sugcessive powers of numbersin Rbelongto R, T, 8, Q,

{i¥) successive powers of numbers in T belong to T, Q, T,

Q, eenen
() First, ﬁfth nintl, thlrteenth
any column belong to that cohzmn.

....powers of numbers in

Experiment 116, Patterns in Unit Digits of Powers of '

Numbers
Children can easily prepare the following table :
Unit digit in number g 1 2 3 4 5 6 7T 8 B
Unit digit in square ¢ 1 4 % 6 5 86 9 4 1
Unit digit in cube O 1 8 7 4 5 6 3 2 9
Unit digitinfourthpower 0 ' 6 1 6 5 6 1 6 1
Unit digit in fifth power O 1 2 3 4 5 6 7 8 9

The children can easily deduce the following results :

{f} square or sixth.power or tenth power of no number ete,
can end with 2, 3, 7, 8

(#} fourth power or eighth power or twelfth power ete. of no
number can end with 2, 3,4, 7, 8,9

{{if} unit digit of 5th power, 9th power and 13th power of a
number is the same as the unit digit of the original number.

{iv} If we know the unit digit of the third power or of 5th power
or of 7th power, we can tell the unit digit of the original
number uniquely.

{¥) If unit digit of a perfect square is 1, the unit digit of the
eriginal number may be 1or9, if the unit digit of the
square is 4, the nuwiber’s unit digit may be 2 or § and so on.

(v} 1f the unit digit of a perfect fourth power is I, the uni
digit in the original number may be L or 3 or 7or 9 and if |
the unit digit in the perfect fourth power is 6, the unit digit
in the original number is 2, 4, 6 or &.

Experiment 117. Patterns in Number of Digits in Powers of

Numbers
Children can prepare the following table :
Number of digits in the number: | 2 3 4 5

34 56 18 9,10
10,11,12 13,14,15.

Number of digits in its square: 1,2
Number of digits in its cube : 1,23 4,5,6 7,89
Number of digitsin its fourth
power 1,2,3, 5.6, 10,11, 13,14 17,18,
‘ 4 78 12 1516 1920

The children may be able to see the pattern that if an m digit
number is raised to power #, the largest number of digits, in the nth

“power of ar m digit number is mx# and the Jeast number is {m—n

+1.

The children can now answer questions like the following 1

If the square of 2 number consists of 17 (or 18 or 19 or 3G)
digits, how many digits does the number have ?

Thus if we know the number of digits in a given power ofa
number, can we find the number of digits in the number uniquely ?

Experiment 118. Expressing Numbers as Sums of Four or
Less Square Numbers

Ask the children to express each number as the sum of four or

fess square numbers in as many ways as fhey can. 1Let ihein collec-

tively prepare the foljowing table : :

1==12 2=1%4 12

3a=124-10 412 4=124 12 410 f 122t
5=22412 620113412

G2 415412 7204 134 1R 12
8220 e 20420 [ 32
10=22 422 1 24 2= 32 4 |2 1=3%118 412
1232 12 12 12 2R 4004 22 1323820281 22 1 204 12

15=324. 201212
17=4%4 1230102028

14::324.22.1. ]2
16224222 4 224 202
}8m39+32=42+12—}-1‘3=3‘34 ,% 22+]2



19=32} 32| | 2=42} 1212 |2
21 =422 12=38422 224 D2
23=32-13%4 322412
L 25=52=4%4-2%1 D2 13—4%1 32
26=5%14-12==321 324 2210242 32 |2
27=52+12+12=3a+32+32242+32+13+12
28=5"-1124 124 19=324-324 331 12=42 .22 -2 1 D2
20=52422=421 321 22 30=524-22412=421 324221 ]2
31=524+224 124 |2==324-321. 3222
3222421 42
33=44 42 12=424.32 | 221 2252 281 92
C34=4%4-4% 4 121 12=42 1 32 32=52 D21 73| |2
35=524 324 12=42 432432012
36=62332+32+3’+32=52+3’+13+12=4’—i—42—|—22
37=624 12=504.22..2% | D342 L 424 98¢ |2
38=624-124 12=521 32425 —42.4 324 324 >2
I0=624 174154 12=52 .32 22 12
40=62-4- 22=42} 42 .32 172
41=624-224-12=42 1 42 1 32—524 42
47—62—|~22-+-124—12—4’4—42-{—32—{»12—52-!-42-[—12~52—{—32—|~2“—{-22
43 534374 32=42.4 321324 3252 42 (2 ]2
52+32+32+12_62+22+22
45 52+42__{ 22_62+22+22+12_62+32
46=52 142127 | 122624 32112
472524324321 0262 1 324 2.1 |2
48=634-22 1 2210240 42 1 42
49=T2=624-32 L 22=qB 1 42 | 421 ]2 52 42 20 D2
SO=T72 4 12=624 324 224 | 2=52 58524421323 424 32 32
Let the children try to extend the above table up to 100 and let
them verify the number of ways for expressing the given number as
sum of four or less squares :

For 56, 96

For 64, 71, 80, 88

For 51, 53, 55, 59, 60, 62, 72, 79, 92, 95
For. 57, 61, 63, 65, 67, 68, 69, 77, 78, 83, 87,

20==41428=324 324 24 |2
22=43420 124 122324324 22
24=42+204. 20

42+42 ' 32+29

One way
Two ways
Three ways

94 :  Four ways
For 50, 52, 54, 58, 70, 73, 74, 75, 76, 84, 85,

89, 91 93. Five ways
For. .66, 81, 97, 99 Six ways

For 82, 98, 100 Seven ways
For none + _Eight ways
For 90 Nine ways

Experiment 119. The Power of Mathematics

The children may be asked to estimate how much time it would
take to verify whether a number like 1426753489345 can be expressed
as the sum of four or less square numbers and how much time it would
take to verify the result for all numbers. The children may be told
that when they grow up they would be able to prove the resuit for all
numbers they can think of, in less than one hour,

Experiment 120. Pythagorean Triplets
From the table of square numbers, children may be asked to ﬁnd
three square numbers such that one of these is the sum of the ofher two.
They should be able to find the following Pythagorean triplets :
(3. 4, 5), (6, 8, 10), (9, 12, 15), (12, 16, 20), (15, 20, 25),
(18, 24 303, (21, 28, 35), (24, 32, 40), (27, 36, 45), (30, 40, 50),
(5,12, 13), (10, 24, 26), (15, 36,39), (7, 24, 25), (14, 48, 50),
(8. 15, 17, (16, 30, 34)

They will also find some more triplets. Children may also find
three square numbers such that the sum of two is one more or less
than the third. Some such triplets are :

(1,1, 1), 2,2, 3) (5.5, 7, (12, 12, 17), (29, 29, 41),

(70, 70, 99) etc.

(7, 12, 13), (8,9, 12), (11, 13, 17), (10, 15, 18), {9, 19, 21),

(14, 17, 22), (13, 19, 23), (17, 21, 27) etc.



More Patternsin Squares, Cubes
and Higher Powers of
3 Natural Numbers

Esperiments : 121 to 130

Experiment 121. Finding Truth Set of [J'=2A" in N
Let the children try to find truth set of
12 = 270

For this purpose, they may use the table of square numbers they
have themseives prepared or they may be given a printed or ¢yclo-
styled table giving squares of all numbers, say from 1 to 100 or 1006,
The object is to find a pait of two square numbers such that one
square number is double of the other. 1 is a square number, but its
double 2 is not ; 4 is a square number but its double 8 is not, Yisa
square pumber but its double 18 is not and so on. The children wili
find that very often they get a square namber very nearly the double
of another square number e.g.

F=2x 2041
102==2 x 7842
17B=2 x12°+1

2422 1P -2
412=2 X292 —1
582=2 41242
9982 % 700+

The children will not get a square number which is double of
anothier square number, however far they continue this search. The

~

children may accept the challenge of finding such a pair of square
numbers and for this purpose, they may find squares of larger and
larger numbers and get a good deal of well-motivated practice in
muitiplication. Just as chemists of the middle ages did not succeed
in getting a substance which could convert every material into gold,
though in this process they learnt a great deal of chemistry; in the
same wéy the children will get a great deal of practice in multiplica-
tion, though they will not be able to find the pair of square numbers
they were searching for.

Experiment 122. A simple proof that Ot=2/A* has no solu-
tion in N
A simple proof can now be given to the children to show that
they will never be able to find natural numbers such that the square
of one is double that of the other. For this, let them recall the results
they have verified earlier viz.

(i) every natural number is either even or odd

(i) the square of even number is even and is a multiple of 4

(iii) the square of every odd number is odd.
Now there are only four possibilities viz.

(@) number in (7] is odd, number in A is odd

(b) number in [J is odd, number in A is even

(¢) number in [] is even, number in A is odd

(d) number in [J is even, number in A is even

We shall rule out each of these possibilities one by one and thus
show that it is not possible to find numbers in [J and /\ so that
]2 == 2%
is true

(@) In this casé, 1..H.S. is odd and R.H.S. is even. They can-
not be equal.

(b) In this case also L.H.S. is odd and R.H.S. is even. They
cannot be equal.

(¢) In this case L.H.S. contains 4 as a factor, while R.H.S.
contains only 2 as a factor. They cannot be equal.

(d) Here number in [J and /\ are both even. We divide these
both by 2. At least one of the numbers may become odd
by this process. If this does not happen, we continue to
divide by 2, till at least one of the pumbers in [Jor A
becomes odd, so that this case is also reduced to (a) or (b)

Av £N A ln thaie alaa etlad At



Thus in each of the four cases LH.S. cannot be equal to R.H.S.
but these are the only four cases. Therefore [1° can never be equaly
to 2% In this way the ¢hildren can see the power of mathematics.
What could not be established in millions of years by trial and error
<an be established by using logic and mathematics in a matter of
rrlxiﬁates and the proof can be understood by students of elementary
classes.

Experiment 123. Finding Truth Sct of [12=3/?

Next et the children try to find the solutions of
) DE s 3&2
i.eQ: in the table of squares, they have to find one square pumber
which is three times another square number. They will not succeed '
though they will get very near success e.g, ’
T2=3 x 4541
268 =3 x 158 +1
T12=3x 412 -2

In this case there are nine possibilities and zll of these have to
be ruled out.  If there are any common factors between pumbers in

[ and A, these can be cancelled out so that we can assume that they
‘have no common factors :

{a) number in [] isof type A and pumber in A is of type A.
This is not possible since in that case these will have a
common factor,
(8) number in [ is of type A and number in A is of type B.
This is not possible since L.H.S. would be of type A and
would contain 9 as a factor, R.H.S. would also beof type A,
but would contain only 3 as a factor.
f¢} number in [} is of type A and numberin A isof type C.
This is also not possible since L.H.S. would be of type A
and would contain 9 as a factor while the R.H.S. would also
be of type A but could contain only 3 as & factor.
{d, e, /) number in [ is of type B and number in A is of type A
or BorC.
In each of these cases L.H.$. would be of tyre Band R.H.S.
would be of type A and this is not possible,
(g, h, i) number in [J is of type C and number in A is of type A or
‘Bor C. Ineach of these cases L.H.S. is of type Brud RH.S.
would be of type A and this is not possible.

Thus all the nine cases are ruled out and we cannot find natural
numbers to satisfy

Dﬂ — 3 Aﬂ.
Experiment 124. Findiog Truth Set of 2=4 A%
Next let the children try to find solutions of
=4 Ae
They will be happily surprised to find that here they can find

any numbers of solutions e.g., (2, 1), (4,2), (6 3), (8, 4), (10, 5} etc.
The number of solutions is infinite.

Experiment 125. Finding Truth Set of 2=5/¢
Next let the children try to find solution of
Dz J—— SAz
and this time they fail, though they are very near successes €.g.,
9t—5%x 4241, 112=5x52—4
Again the proof of finding the impossibility of finding a solution
proceeds in the same way. There are twenty-five cases to be ruled
out. However it is easily seen that in [1*=5A% the R.H.S. is always

" of type P and number in [} cannot be of type Q or RorSor T.

Thus only five cases remain to be ruled out. Numbers in [ and A
cannot be both of type P for we can easily cancel out common factor
of 5 or multiples of 5. In other four cases 2 will contain 25 as a
factor, while 5 A% would contain only 5 as a factor.

Experiment 126. Finding Truth Set of [2=k/\%
In the same way children will find that
Dz=6A2, DE:—,AZ, D?._:SAZ
have no solution while [)2=9A? has an infinite number of solutions.
They will easily be able to guess that 2=k A? has no solution if &
is itself not a square number and has an infinite number of solutions
if k is a square number.

Experiment 127. Finding Truth set of [#=2A%

Again let the children try to find solutions of [12=2A%
Here they have to use their own tables of cubes of numbers or
they can be given printed or cyclostyled copies of tables of cubes.
They again fail to find any solutions and again they can give the
proof of the impessibility by examining the four cases. Number in
{7 cannot be odd, since cube of an odd number is edd and the R.H.S.



1s cven. If number in [77 35 even and number in A\ is odd, the
L.H.S. cvould contain § asa factor, while the R.H.8 would contain
only 2 as a factor. If nwmbers in [J and A are both even, we can
go on dividing by 2 or power of 2 till one of them becomes odd so
that this case reduces to one of the three earlier cases.

Experiment 128, Finding Truth Set of [B=kAS3

Proceeding in this way, the children will be able to see that
%=k A® has no eolution wnless & is a perfect cube and in that case
it has an infinitv of solubions, Generalising further, they will find
that [Tkt will have no solution unless & is a perfect fourth
power and in that case it has an infinity of selutions and so on and
that T"=k/" will have no solutions, unless % is a perfect nth
power and in that case it has an infinity of solutions.

Experiment 129, Yutroducing Sguare Roots, Cube Roots etc.

Children may be introduced to the idea of square root, cube root,
fourth root ete. What is the number whose square is 4 ? 2 is called
the square root of 4.

What is the number whose cube is 27?2 3 is called the cube
root of 27.

What is the number whose fourth power is 64 T 4 is called the
faurth roat of 64.

‘What is the number whose square is 27

The square of 1 is [ and the square of 2is 4. There is no
natural number whose square is 2. But there may be a fraction
whose square is 2. A fraction is ratio of two natural numbers
i.e. it may be possible that

73‘5-32 or [B=2A%

but we have already seen that this has no solution in natural
numbers. Thus there is no Traction whose square is 2. Similarly
there is no natural number or fraction whose square is 3 of 5 or

6 or 7 etc. and there is no natural number or fraction whose cube
is 3ordorSoréor 7.

Experiment 130. Introducing Irrational Numbers

The following numbers are called natural numbers :
1,2,3,4,5,6, 7,8, ... .

The following numbers are called integers :
................ o =4 =3, =2, =1, 0, 1,2, 3,4 5 o
Any number which is the ratio of two integers with depominator
not equal to 0, is called a rational number. We have seen that
the square root of 2 is not a rational number. Such a number
is called an irrational number. Thus .
(a) the square root of any number which is not a perfect
square number is an irrational number. '
() the cube toot of any number which is not a perfect cube is
an irrational number.
(¢) the fourth toot of any number which is not a perfect
fourth power is an irrational number,

and so on.



4, Patterns in Division Process

Experiments: 131 to 135

Experiment 13]. Patterns in Quotients
Let the children divide N'=1,000,000,000,000,000,000, ...by
2.3,4,5,6,7,8,9,10,11,......... ,and note what they got :
N 2==5000000000000600............
N+ 3==3333333333333333..........0.
N - 4==2500000000000000............

N+ 5==2000000000000000............
N-=- 6= 1666666666666666...... ...
N+ 7==1428571428571428............
N+ B==1250000000000000............
N O=T1IHIITEITE IR e,
N2 10==10000C0000000000............
N 11==9090909090908090............
N-+12==8333333333333333...........
N-13=+7692307692307692...00 1,

Let the children note the patterns :
{a} When they divide by 2,4,5,8, 10,16, 20,...... ..,
begin getting zeros after a certain stage.

they

(5) When they divide by other numbers, they find that after a
certain stage digits begin to recur. In the case of division by
3 or 9, the same digit cccurs again and again. In the case of
division by 6 or 12, recurrence begins with the second digit-
In other cases a group of digits recur. Thus in division by 7,
the group of digits 142857 occurs again and again.

(¢) The number of digits in the recurring group is always
less than the divisor.

The children may also notice that the divisors in (@) have only
2 and 5 as factors f.e. they are all of the form 2™ 5" where m and »
may be 0,1,2,3,......... They may also note that 2 and 5 are
factors of 10 which is the base of our system.

The explanation for {a) is easy to see. The number 1,000,000...
has only powers of 2 and powers of 5 as factors. The process of
division can therefore start giving zeros after a certain stage only
if the divisor is a number with only 2 and 5 or their powers as
factors. The process of division also gives an explanation for {¢).
When the children divide by a given number, the number of
different remainders cannot be more than the number itself. Thus
when they divide by 13, the only possible remainders are: 1, 2, 3,
4,5,6,7,8,9,10, 11 and 12. If the remainder at any stage is 0,
they begin getting all zeros after that stage. In other cases since
there is only a finite number of different possible remainders, the
same remainder must occur after a certain stage and as such
recurrence must start occuring at that stage. The number of digits
in the recurring group thus has to be less than the divisor.

Experiment 132. Patterns in Decimal Quotients.

The children who know decimals can get the patterns as foliows :
1 =+ 2 = -5000000000000009.........
1 -+ 3 = -3333333333333333.........
*2500000000000009.........
+2000000000000000.........
16666666666066666.........
*1428571428571428.........
+1250000000000000.........
HUSEOR R ADNNDDTEY PPN
+1000000000000000.........
,0909090909090909.........
*0769230769230769.........
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They find that either the process terminates or there is recur-
rence and the process terminates only when the divisor is product
of powers of 2 and 5 only.

Experiment 133. Patterns in Decimal Representation of
Rational Numbers

Next let the children find decimal representation for any

rational number f.c.a number which is the zatio of two integers but
for which denominaior is not zero. Thus

%—;EB'DS 000000000000 ...,

o= 33846923076923076923........
They will again find that if the only factors of the denominator
are powers of 2 and 5, the process terminates. In all other cases
there is recurrence.  They can also give reasens for the same. _
The converse of the above statement is also true i.e. every termi-
nating or recurring decimal can he expressed as a rational number e.g.
. 8,27
For a recurring decimal, the demonsiration below is meant
only for the brighter children :
3-3456456456....c..u...
=33 -+--0456 40000456 4--0000000456 4 ... reeee
=33.LP, where
456 , 456 | 436
P=+5 *157 * 1o%

1 456 | 456«
Px"ﬁi"‘ib‘;*iﬁ{ﬁ+ ......... renesenss

1 \_ 456
o{ 1o}

PR T Ry raas

3,456 33423
33456456, . c00as .".....‘.;‘—'3*‘5"}3‘%“%_%
The children can find fractional representation for a large
number of terminating and decimal expressions.

Experiment 134, A Non-Terminating Nog-Recurring Number

Consider the numbser
*10100100010000100000 ...cveeeeL..

in which the numbers of zeros between the ‘ones’
1,2,3 4,5, 6,.... This is neither a terminating decimal nor a
recurring decimal, This cannot be therefore represented as a rational
number because if it could be represented as a rational number, it
would be either a terminating decimal or a recurring decimal.

are successively

Thus there exist decimal expressions which are not rational
numbers. Such numbers are called irrational numbers.
Experiment 135. Irrationality of v

What about +'2 ? We have seen that

D2
AT
has no selution in integers e, «/2:/% has no solution in integers

fany

¥'2is therefore not a rational number. 2 cannot therefore be

represented as a terminating decimal or as a recurring decimal.

Therefore +'2 must be a non-terminating non-recurring decimal.
V2=1414cicccninnn....

This process will not terminate and no recurrence can occur. If

we wanted to prove this factby direct calculation, we would not be

able to do in a finite period of time.

In the same way children can see that square root of any
number which is not a perfect square or the cube root of any num-
ber which is not a perfect cube etc. cannot be represented as
terminating or recurring decimals.

There are other numbers which have this property. One such
number is = which is defined as the ratio of the circumference of
acircle to its diameter. Its approximate values are 22 or 3-14]59
but to get its ‘exact” value we require an infinite number of decimals.

Two thousand five hundred years ago its approximate value
was supposed to be 3, later its approximate value was found correct
to four or five places of decimals in India and elsewhere. More than
two hundred years ago, a person found its correct value to 700 places
of decimals by work extending over a number of years. Nowits
value can he found correct to thousands of decimals in a matter of
minutes by fast electronic computers, but we can never find its
exact value even by the fastest electronic computers for even they

Wwould require an infinite amount of time.



Patterns in Partitions

Experiments : 136 to 145

Experiment 136. Partitions into Two Parts

Take two boxes, say red and blue, and give the child four
objects. In how many different ways can he place these four objects
in the two boxes 7 He can place 4 objects in red box and 0 objects
in blue box or he can place 3in red and 1 in blue or 2 in red and 2
in blue or 1 in red and 3 in blue or 0 inred and 4 in blue. There
are thus 5 different ways corresponding to

4=44-0=3+1=2+2=1+43=014

Similarly,

53=54+0=4+1=34+2=243=1+4=0+3

6=64+0=5+1=4+2=343=2+4+4=1+5=0+6

T=T+4+0=611=5+4+2=443=344=2+45=146=047
and so on. Let the child note the patterns.

(@) The number of ways is always one more than the number
of objects.

(b) When the number of objects is seven, the difference in the
number of objects in the two boxes is also even and when the number
of objects is odd, the difference in the number of objects in the two
boxes is also odd.

(¢) The child can now conclude that the difference of two
numbers is odd or even according as their sum is odd or even. Can
he see the reason for this? He easily sees that the sum of two _
numbers minus difference of these two numbers is always even

[(x--)—(x—y)=2y)
He may also note that difference of two even numbers is even and
difference of two odd numbers is also even, while the difference of
one odd number and one even number is always odd.

[2m—2n=2(m—1m), 2m+1)—(2r+ 1)=2(m—n),

Cm+1)—2n=2(m—m)+1, Zm—(2n+)=2(m—n—1)+1]

Experiment 137. Partitions into three parts,

Next take three boxes, say red, blue and white and give the
child 1,2, 3, 4,...... objects and ask him to place these in the different
boxes in all possible ways,

Two ohjects : 6 ways
Red Blue White

Quie object : 3 ways
Red Blue White

1 0 .0
010}1 }2
a o 1

O = DO
—_—0— oD
—_— p OO

} 1+1

Four objects : 15 ways
Red Blue White

Thre_e objects : 10 ways
Red Biue White

30 0 a0 0
9 3 0 } 3 0 4 0 } 4
0 0 3 o 0 4
> 101 31 0
2 6 1 | 30 1|
12 0 | i3 0 |
1 o 2 ¢ 2 too 3 ¢ 3l
o 1 2 o 13|
0 2 1] 0 3 1)
TR T T SR I 2 2 0
> 6 2 } 242
0 2 2
2 1
ST S T QPR
ol 2



(@) . Let the children note the systematic method of finding all
possible different ways, Without using 0, we can write ¢ as 4 or
3+1lor 242 or 2+41+1. All the four objects can be put together
in one bex in three different ways. The four objects cari be divided
into two groups of 3 and 1 objects and these two groups can be placed
in the three boxes in 6 ways.
groups of 2 each and these two groups can be placed in the boxes in
3 different ways and finally the four objects can be divided into three
groups of 2, 1, 1 objects each and these three groups can be placed in
the three boxes in 3 different ways.

{#) Let the children complete the foliowing table
Number of objects 1 2 3 4 5 6.
Number of ways I 6 10 15 21 28....

Let the children guess the pattern. The number of ways can
be obtained by successively adding 3, 4, 5, 6,...... The children can
now continue the table, The children can also make charts showing
all the different ways for 3, 4, 5, 6 objects.

Experiment 138. Partitions into four parts,
The children will now be curious to see what pattern emmerges if
‘they have four boxes, say red, blue, green and white.

One object: 4 ways

. Two objects 1 10 ways
Red Blue Green White

Red Blue Green White

{1 o 0o 0 2 0 0 0
0 1 o 0 1 0 2 1) 0ol ,
0 0. 1 0 0 0 2 0
0 0 0 1 0 0 ] 2
1 1 0o 0
1 0 1 0 j
1 0 0 i ;
o 1 1 of !l
0 1 0 1]
_ 0 0 1 1)
Three objects : 20 ways
Red Blue Green White
3 ¢ 0 o
0 3 0 0 3
0 0. 3 0
0 0 0 3

They can also be divided into two -

some possibility and may have to retrace all his steps.

2 1 0 o0 O o 11
2 0 1 o 1 0 1 .
2 0 0 1 1 1 o 1 (HIH
1 2 0 0 1 1 1 o
10 2 0

2
A SR S S 2
o 1 0 2
0o 2 1 0
o 2 0 1
o 0 1 2
o 0 2 1 ]

(a) Let the children now complete the following table ;
Number of objects : 1 2 3.4 5.

Number of ways : 4 10 20 35 56......
Let the children guess the pattern. What are the successive
numbers being added ? These are 6, 10, 15, 21,...... but these are

precisely the numbers they got in the last section.

(5) The children may now be able to guess as to what happens
when they have five boxes, say red, blue, green, yellow and white and
similarly what happens when they have 6 boxes and so on. They get
the following table '

Number of objects : 1 2 3 4 5 6
Number of ways )
{with 1 box) 1 1 1 1 i 1

Number of ways

(with 2 boxes)

Number of ways

(with 3 boxes)

Number of ways

{with 4 bo;tges)

ays

(I:Ivl:tr?lbserngg) Y 5 15 35 70 126 210

The children may note that cvery number on this table is the sum
of the number on.its left and aboveit. The table can now be continued
indefinitely both towards the right and in the downward direction.

(¢) The ability to count and enumerate all possible wayslof
doing an operation is an important mathematical ability and skill.
The child learns to think systematically and with concentration. If he
does not proceed systematically or loses concentration, he will miss
Even grown-
ups very often miss some possibilities in day-to-day life because of
this lack of facility of syslematic enumeration.

2
3 6 10 15 21 28
4 10 20 35 356 84



(d) The child also sees here some patterns emerging and begins
to realise that the capacity to recognize patterns can considerably
simplify his work. If there were 15 objects and 20 boxes, the direct
method of enumeration will take days and even then one would
not be sure whether one is tight. With the help of the above table
prepared by recognizing patterns, one can get the answer in a matter
of minutes. _

(&) It may also be emphasized that recognizing a patterii does
not ensure that it will always hold, though it makes it highly
likely to be true. To establish the pattern completely we need
some more advanced mathematics and the children may be
motivated to-learn more mathematics in order to work out the
proofs. :

Experiment 139, Partitions on an Abacus.

What we did in Experiment 136 has an interesting interpretation
on an abacus.  Suppose there are three needles (unit’s needle, ten's
needle and hundred’s needle) and we are
given 2 beads. How many different numbers
‘can we show on the abacus 7 Obviously these
are the 6 numbers 200, 020, 002, 119, 101, O11.

Arguing in the same way, with 3,4,5,6,7, 8
and 9 beads we- can show respectively 10, 15,
21, 28,36, 45, and 55 numbers. How many
numbers can we show with 10 beads ? The
next number in the sequence is 66, but it is
obvious that the partitions 10, ¢, 0; 0, 10, 0 0, 0, 10 are not nossible
since no needle can have more than 9 beads. Thus the total number
of numbers we can show with 10 beads is 63. The next number in
the sequence is 78, but with 11 beads, the following partitions are not
-possible: 11,0,0; 0, 11,0; 0,0, 11; 10,1, 0; [, 10, 0; 0, 10, 1; O, 1,
10; 10,0, 1; 1, 0, 10. So the total number of numbers which can be
shown with 11 beads is 69. The total number of partitions for 12 is
91, but the following partitions are not permissible : .
12,0,0;0,12,0; 0,0, 12; 11,1, 0; 1, 11, 0; 0, 11, 1;
0,1, 11; 11,0, 1; 1,0, 11; 10,1, 1; 1,10, 1; 1, 1, 10.

The total number of different numbers which can be shown is
thus 79. The children may now continue similar arguments for
13, 14, 15 beads. They may also investigate the results when

there are 2 needles or 4 needles in the abacus. They may also
investigate the results when each needle is required to have at least
one bead so that we have to find the total number of partitions of a
given number into a given number of non-zero addends when none of
the addends can exceed 9.

Experiment 140. Partitions into Non-Zero Addends.

Without using zero, let the children try to express a given
numbei as a single number, as a sum of two addends, as a sum of
three addends and so on and find the total number of ways in which
this can be done. Thus we have

Number 2: Two ways Number 3 : Four ways
2 141 3 241 14141
142
(n (0 @ @ (D

Number 4 : Eight ways
4 341 24141
242 14241
143 1+142
1 @ (3 &)

14+14141

Number 5 : Sixteen ways
5 441 34141 24141+1
144 14341 1424141
3+2 14143 1414241
243 24241 1414142
2+142
14242

n @ © O] {n

1+141+1 51



Number 6 : Thirty two ways

6 S+1 44141 3414141 2-1+1+1-41
442 14441 1434141 142414141 1411414141
343 14144 1414341 141424141
244 34241 1414143 1H1404241
145 34142 2424141 141414142
14243 2+142+1
14342 2414142
24143 14+14242
24341 1424241
24242 142142
(1 (5} (10 (10) «3) (1)

The number 6 can be expressed as the sum of one addend in

one way, as a sum of two addends in 5 ways, as a sum of three -

addends in 10 ways, as a sum of four addends in 10 ways, as a sum
of five'addends in 5 ways and as a sum of six addends in one way.
The children can continué the process with the numbers 7 and 8.

Experiment 141. Number of Partitions into Non-Zero Addends.

The children can now prepare the following table :

Number 1 2 3 4 5 .6 7 8
Total number
of ways 1 2 4 g8 16 32 64 128

The pattern is now obvious. With the help of this pattern,
they see that the total number of partitions of 16 would be 32,768.
Without noticing the pattern and trying by direct enumeration, it
‘will take a long time and even then the answer may not be corréct, if
some mistake is made in the process.

i

- second given number.

Experiment 142. Pascal Triangle Pattern.
Another pattern which the children notice is the following :

A

N
AN
N 7N
7 4 ]
l"\ 12\ "|\
'I \ ,’. Y " \‘
L3 3
I’ SN S hY SN
; L4 L NS \I
:l‘ ,4\ () Y /Yy
P .t NN S
r Ly (W4 LS4 (Y4 N
L 5 0. 10 8 )\
P A N 2 N AR
’ ) v v/ . ! \61 \|
A 8 15 20 1B &

J‘f\f'\I\/\/-\,\\
g [ A o
7 21 35 3521 7 )
This pattern is known as the Pascal Triangle and will occur
again and again in our discussions.  Here each number is obtained

by adding the two npumbers just above it, one¢om its left and the:

Noticing this pattern, we can continue
We can now interpret the last line

other on the right.
the table as long as we like.
as follows : ]

The number 8 can be expressed as the sum of one addend
in one way, as the sum of two addends in seven ways, as the sum of
three addends in twenty-one ways, as the sum of four addends in
thirty-five ways, as the sum of five addends alse in thirty-five ways,
as the sum of six addends in twenty-one ways, as the sum of
‘seven addends in seven ways and as the sum of eight addends
in one way.

To find the number of ways in which a given namber can be
broken up into ‘another given number of addends, we look up the
line in. tLe above table corresponding to the first given number
and then look up the number on this line corresponding to the
It will be useful for the children to read the
table in this way and then actually verify some results by direct
enumeration.

The children can also note the symmetry in the above table from
Ii]v-n wirnkid nemd tha laft



Experiment 143. Partition with Cuisenaire Rods.
A useful way of representing these partitions is by using
Cuisenaire rods. These are rectangular rods of the following lengths

and colours ;

Length Colour Symbol
i White W
2 Red R
3 Green G
4. Purple P
5 Yellow Y
6 Dark green D
7 blacK K
8 browN N
9 blUe U

10 Orange O

Any number of such sets are made available to the children.
A child is given a rod (say of length 5).
of length 5, then get two rods with total length 5, then get three rods
of total length 5, then get four rods of total length S and finally he has
to get five rods of total length 5 and he has to do in all possibie ways,
Different children can be given rods of different lengths for this

purpose. The arrangements they get are the following :

He has to find first one rod

L 2 3

2 |t 7 1) r": : 55 3
BRI ) K 4 /]
} 2] 2 1|4 .
L] 1| 3 3 12 |}

2 I 2| 3 J
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Experiment 144. Pascal Triangle Pattern in Powers of Eleven.
Let the children note the patterns in the following multipiications :

Ix11==11 1 4 6 41
Hx1l==1321 i1
11wl x11=1331 1 4 6 41
Hxiix1x11==14641 u_l_ﬁ_.ﬁ‘ 4 } e
1 5¢0M1ey s 1
11
1

1 5(10)10) 5
1 5 (0¥10)5 1

16 (152051556 1
These give the patierns of the Pascal Triangle.

Experiment 145, Figﬁrate Numbers,
Let the numbers in the Pascal Triangle be written according to the

inclined lines. Then we get the arithmetic triangle in the simplest form, -

I, 1 1 1 i i 1 | S

~.
~

1 2. 3 4 5 .6 1 8

1 3 610 15 21 28 36

-
LN
~

.........

crraeswes

1 4 10 20,35 56 84 120 .
15 15 35 J0_ 126 210 330 ...
1 6 21 56 126 \‘2521,\ 462 792 .
1 7 28 84 210 462 \‘921;\ 716 o
1 8 36 120 330 792 1716 \3‘432\
I 9 45 165 495 1287 3003 6435 ..

To find any tumber we add the number just above it and just
on its left. Alternatively to find any number in this triangle, we find
the sum of all the numbers in the row above the row of this number
and upto the number just above this number or find the sum of all

the numbers in the column on its left and upto the number just to
the left of this number. As iflustrations we have !

84=1+43464+104-E5+421+28=14+6-+21-+56
0=1+44-10+20435 ==]4-44+104+20-+35
36=14-7-+28 =1 4243444+ 54 6-+T+8

The numbers in successive horizontal rows {or in successive
vertical columns) are called figurates number of 1st, 2nd, 3rd order
etc.

The figurate number of first order are all odd.

The figurate number of second order are zlternatively odd and
aven.

The figurate number of third order are : 2 odd, 2 even, 2 odd,
2 even,

The figurate number of fourth order are : 1 odd, 3 even, ! odd,
3 even.

The figurate number of fifth order are : 4 odd, 4 even, 4 odd,

Let the children continue this pattern.



6 Number Patterns in We o also represent these on graph paper as follows :
| Geometrical Shapes

e S P vy ——e

Experiments: 146 to 155 X ] ] ] ]

i ‘ From the shape of these, we can also call these stair-case
numbers.

Experiment 146, Triangular Nombers. . . s Namb
Let the children arrange dots as follows: ' Experiment 147. Square Sumbers.

. . Let the children combine two consecutive triangular numbers
L * . * or stair-case numbers and sec what they get :
* ¥ * & - & . . w . ¥ s & # ». -« 2 » & B
> & = * * * F @ .
s 8 o8 £ 53 & P « > ® LI + & 4 » 8
. LR S B ] » & € ¢ e o LI I T
l 3 & 10 : 15 R S
. The children can continue the pattern. The numbers they get AN .
this way wz., 1, 3, 6, 10,15, 21 ,...celn are called triangular numbers '
and are called so for obvious reasons. I 4 9 16" 25
The dots can also be arranged as follows : ]
* - * - *
¥ # . & . = ’» = L
s 2 » * -l E » » O. . D IL L

“ 5 8 ¥ S & ¢ @ - . .

These numbers are called square mumbers and again for obvious
reasons. The children can now easily deduce that the sum of two
i 2 6 10 15 consecutive triangular numbers is a square number.

. 5 F # 2

The square number can aiso be represenied as follows :

b
O\
A
£ A
| f+3 1+3+5 1+345+7 1+3+5+749
1 4 9 16 25

The children can now deduce that the sum of aay number of
consecutive odd numbers is a square number which is the square of



the number of odd numbers, They can now be asked io find the

If we have to add the first ninety-nine numbers, we get 49 pairs

sum of the first 20 odd numbers or the sum of the first 100 odd Wwith sum 100 each and one isolated mumber viz,, 50 so that the sum

numbers.

Experimient 148. The Sum of First N Natural Numbers,

Let the children ses what they get by adding a staircase number
to itself. :

=
]
2X3  2%6 2X10 2x15.
=2X3  =3X4  =4X5 =5X 6
We find : :
2% (14+2) =2x3
2x{(14+2+3) =31x4
2x{142+34-4  =4x5

2x(14243444-5)=5x%x6
The children can easily see the pattern viz.
2X(1424344--...... up to any nember}=~{that number)
(that number + 1} so that the sum of any number of natural numbers

is equal to half the product of this number with the next consecutive
natural number e.g., ’

T 243 4 100==(100 x 101) 2 2= 5050
The same result can be easity seen by writing the numbers as follows :
. !4 23434+44+5 96+ 97+ 98+ 99+ 160

e =i

- and then combining the first with the last, the second with the last

but one and so on ; it is easily seen that in this way we get 50 pairs
" of numbers and the sum of nombers of each pair is 101, so that the
_sum of the fitst hundred numbers is 50 x 101 =5050.

of first ninety-nine numbers is 4950.

- The tecognition of pattern now enables us to find the sum of
any number of natural numbers e.g., the sum of the first 10,000 natu-
ral pumbers is (10,0003 10,001)--2. "Without this pattern, it would
have taken many hours to find this sum.

The formulae we have found can be written as
14+243+4.nne to n terms=n x (n+1)+2
143+53+T4.0nene to n terms=n?

2444648 4......to n terms=2(1 +2-+3+...... to nterms)

_2n+bn_
=" =n(n-1).

Experiment 149. Finding Square Roots.
Let the children note the following geometrical pattern

* - * » »
* »* %* * &
» - » #* * »* »”*
» * » - »* » -3
» * - ” * * *
* - * - - * - » *
#* ¥ »* | “w & *
and ded
educe R
14 3=2
14+ 34 5=13
1+34+54+ 74+ 9=2°
1434547+ 94 11 =6
I+A34354+7+94+114+13=7
et Toersieees



This geometrical pattern again verifies that the sum of the first n odd
natura] numbers is n%,

Conversely any square number can be decomposed into the sum
of a number of odd natural numbers. If a given number can be
expressed as the sum of first # natural odd numbers, then the number

must be the square of the number #, which will accordingly be the -

square root of the piven number. This fact can be used to find the

sguare root of small numberts,

To find the square root of any number, we subtract from it
consecutively 1, 3,5, 7,9, 11,.........  The number of times we have
to subtract gives the squarg root of the given number. Thus to find
the square root of 81 and 110, we get

81 . 110
1 1
80 1059
3 3
77 ' 106
5 5
72 101
7 7
65 93
9 9
3% 85
1t 11
33 74
13 .13
33 61
15 15
17 46
17 17
T 79
19
o

From 81, we have to subtract. the first 9 odd natural numbers,
to get 0. Therefore square root of 81 is9. From 110, we have to
subtract first 10 odd natural numbers and we cannot subtract the first
11 odd natural numbers. Thus 110 is not 2 square number and its

square roof lies between 10 and 11,

-and squares,
-And then find the corresponding number pattern e.g.,

Experiment 150. Finding Cube Roots and Fourth Roots,

The same method can be used to find the cube roots, fourth
roots ete. of small numbers. If we form geometrical patterns in '3
dimensional space, say with small wooden cubes and partition them
in the same way as before we get,

1 =13
7=28
9 =33
1+ 7 = 4*
L +7+1 ] =59
=
Thus to find the cube root of a number, we have to subtract consecu-
tively 1, 7, 19, 37, 61, 91,...... These numbers are easily seen to be.

o+

1
147
7419
9 + 37

13,28 —13,35 .03 43 _38 53 .43

Similarly to find the fourth root of a number, we have to sub-
tract copsecutively 14, 20— 14, 3423 4432 5044

The children may find the first ten’ numbers to bhe subtracted

. for fourth, fifth and sixth roots.

This would give them incidentally some well-motivated practice

- in subtraction and multiplication.

It may also be noted that shough the geometrical pattern breaks
down for fourth and fifth roots etc., the mathematical pattern  still.

“gofitinues to operate.

.Exp,erimgnt 151. Number Patterns in Other Shapes.

We have found the number patterns corresponding to triangles.
The children can form their own geometrical patterns.

) ©o OO0 o000
o 0o 00C

oo O C O

00 o

coo 00

000
0000

1 5 11 19



These may be called double triangular numbers. - The children may -
try to find the tenth or fifteenth double triangular numbers. The 000

. . : CO0O000 0000000
following observation would be helpful :
(@) The successive differences are 2X 2, 23, 2x4, 2X5,....... o o 0000 0000000
(5) Each double triangular number can be obtained by sub- Q00 o0 o0 COO0OO0OQ OO0
g:z};;ione from double of the corresponding triangular : 00000 000 Q00
:Similarly the children may find 10th numbers of the follow- 00 O’O o 0000000
'ing patterns CO000Q0O0O0
. Q000000
0O O O O o O -
) OOO o) o] o
©° 00 % ° o2
o] 0o OO0 ' 0000
00 888 0000
o 00 000 000 0ocoo
000 00 00O o
O 000000 000 00
000000 000000000 ° op 00O
o0 0CC0O00000O0O: o - 0000
» oo 00 5000
00 000000000 ocoo 299
©Oo 0000
000 ° °00 o000
00 A
00O fo) 000
000 o0
_000 Ooooo Ooo OOO nrog;cl:;; cgz:s! cases:‘ %uccessife diﬁ'erenéeé wifl form arithmetic
o fo) QO ‘;'mi.:nent 152. Number Patterns in Three-Dimensional
o o) Shapes. 7
O .~ Children may be given square plates of -different sizes and may
O of asked to form triangular pyramids of marbles or of cubical pieces

Wood and note the patterns of numbers obtained.



Exzperiment 153. Number Pattern in Intersections of Straight
Lines. .

Two straight lines can intersect in at most one point, three
straight fines can intersect in at most three points, four straight
Lines can intersect in at most six points, five straight lines can inter-
-sect in at most ten points and so on. The number of points of

XA X

N

...... which are triangular
numbers, If we draw a sixth line in the plane; i can intersect the
other five lines in at most five points so that the maxjmum number of
points of intersections will now be 15. With a seventh line, six
more points of intersection can be added to get a maximum 21 points
of intersection. It will be an interesting experience for the
<children to draw lines with the maximum number of points of inter-
section and see the triangular number pattern. In this case they alse
get a proof of the pattern. They may also find the pattern in the
number of distinct non-overlapping triangles formed or in the number
-of regions into which the plane has been divided in each case. They
may also find the patterns in the maximum number of lines in which

7%

“intetsection are successively 1,3, 6, 10,

2,3, 4,5, 6,......vlanes can intersect and in the maximum number of

regions into which the space is divided by these planes,

Experiment 154, Algébééic Formulae Through Geometricat
‘ ‘ Patterns, o ~
" Certain algebraic formulae can be deduced from a careful study

of geometrical patterns. We consider some examples below.
Children can discover more patterns themselves.

(a)
. . . . . ™
! E . . - . | . . . - .
-}
42=32:443 58=421 544 6°=5"+6+5
Children can deduce :
w=(n—1Ptn-t(n—1)
(&)
. x x . - »® ® x » L3 x x*
w - . 3 ] 3 o« ®
® - . ® x X 4 L3
- Ey X . x » o x
LI x o X

x x x x

#=14x2+4, =31 4x344 6P =424 4x 444

The children deduce : .
#i={n—2)2+4(n—2)+4

=424 45

$=2214x3 58=3214x4

The chiidren deduce :
n*=(n—2)2+4(n—1)



(&) By working with three dimensional analogoues of the above
models (beads on wires etc.), children can deduce the
following formulae :

m=(a—1F-+n* +(n— 1 4nn—1)
me(n— 23+ 6(n—2)*+12(n—2)+8
e=(n—2)% 4 2m2 -+ 2n(n—2)4-2(n—2)%

Tn the first case, they start with a cube of #° beads and remove
one corner cube of (n—1)® beads. They are left with 3 faces. They
take one face completely giving #? beads. They then take the
n{n—1) beads remaining in the second face and {n—1yP beads

" remaining in the third face.

In the second case, they start with a cube of n® beads and
remove the central cube of (7--2)% beads. They are left with § faces.
From each face they take the central square of (n—2)° beads. They
are left with 12 edges. From each edge they take the central (n—2)
beads and then they are left with the 8 corner beads. ‘

In the third case they again start with a cube of #* beads and
remove the central cube of (n—2)? beads. They are again left with
6 faces. They take 2 opposite faces with n? beads, then two other
opposite faces with removing n{n—1) beads each and finally the
remaining 2 faces with (n— 1)* beads each.

It is obvious that the children can obtain a large variety of
patterns themselves, This will again strengthen their geometrical
intuition and the capacity to arrange things systematically.

Experiment 155, Another Pattern for Triangular and

Sqmare Numbers.
Let the children verify that
12428428, == 32
20432462 = 7B
35_{__‘2__}_ 12% =32
421524202 =217
34634302 =312
‘What pattern do they see ?
They take the sum of squares of two consecutive numbers and
add to it the square of their product. They get the square of a number
which is greater than the product by unity i.e.

1 (rE 1)+ fnln 4 Dit={n(r+ 1)+ 13

The children can verify it for any value of n
Now the nth triangalar number T, is "("'H). So we get

2
P (a+ 1P+ QT = (2Ta+1)2
Again let them break bigger triangular pattern into smaller

N NPA
Ava ANV /\V/\

Ty=T;+3T, T,=3T;+T, To=3T,+T;

What pattern do they notice ? They find
3Tn+Tn+‘1=T.2n+.1
_Let us now take triangular number of even order and break
them into smaller triangular patterns, '

/\
Aa AZVSA YA\/AN

T,=T;+3T; Te=Ty: 3T, Ty=Ts+3T,
The general pattern is .
Tgn=Tn_1+ 3Tﬂ




Patterns with Polyminoes

Experiments : 156 to 165

Experiment 156, Patterns in Biminoes.

Here the children can work with graph paper ruled with squares.
Tpey may'be asked to colour two adjacent squares f.e. two squares
with one side in common. The patterns that emerge are

m O

‘but these are not essentially different patterns, for if we cut one and
put it on the other, it exactly fits the other. Thus with two squares,
we get essentially one pattern. We say that there is only ONE
BIMINO (‘bi’ means “two’) or Domino.

Experiment 157, Patterns in Triminoes,

Next let the children form patterns with three squares. After
some trial and error, the children find only two different
TRIMINOES (‘tri* means ‘three’) or TROMINOES viz.

(111

e

Experiment 158. Patterns in Tetraminoes,
With four squares, there are five different TETRAMINOES
(‘tetra’ means ‘four’) or TETROMINGES viz,

—

s ey

HEEE [ | ] [
B 2 3 9 5
In the first, all four squares are in one row ; in the second,
three squares are in one row and the fourth is on one side adjacent
with one of the corner squares ; in the third, three squares are in one
row and the fourth is on one side adjacent with the middie square;
in the fourth, two squares are in one row and the other two are on
one side adjacent with each of these squares and finally in the fifth,
two squares are in one row and the other two are on either side
adjacent with each of these two squares. It will be seen that this
exhausts all the possibilities and any pattern the children will get will
be congruent with one or the other of these five, as can be seen by
cutting and fitting,

Experiment 159. Patterns in Pentaminoes.
With five squares there are TWELVE different PENTAMINOES
(*penta’ means ‘five’) or PENTOMINOES viz.

= B e B B8 Up Hp T
o

In the first pattern, all five squares are in one row ; in the next
two patterns four squares are in one row and the fifth is adjacent with
one of the corner squares or one of the middle squares ; in the next four

patterns, three squares are in one row and the other two are on one
side either adjacent with one corner square and one middle square or

~ adjacent with two corner squares or with one square adjacent with a

corner square and the other one adjacent with this ; in the next four
patterns, three squares are in one row and the other two are on
opposite sides either of the same corner square or of the same middle
square or of one corner and of one middle square or of different
torner squares and finally in the last pattern, two squares are in one
tow, two are on one side and one is on the other side.



The children may find these patterns by trial and errot, but they
should be led to think of the systematic way given away or some
similar version of it

Experiment 160, Pattérns in Hexaminoes,

With six squares, there are THIRTY-FEIVE possible HEXAMI-
NOES {*hexa” means “six") or HEXOMINOES viz.

crmn Boo dbo offn B
e e« s S S -

—

i B B By A

H
“t

6 7T _18 e 2o
[ (T i L
I ] i3 i
21 22 23 24 M5
[ EL l i } I
H i 1) | I
26 27 ): 28 29 30
Uy Hp 45 B 4
L
3 32 33 34 35
These may be ¢lassified as follows :
All six squares in one row ; ) No. H
Five squares in one row and one on one side : Nos. 244
Four squares in one row and-two on one side @ Nos. 5.1}
Four squares in one row and {wo on opposite sides : Nos. 12,17
Three squares in one row and three on one side in
one row : Nos. 18-21
Three squares in one row and three on one sidein
two rows & Nos 22-28

Three squares in one row and three on two opposite sides :
Nos. 29-34

Two squares tn three rows: No. 35

A similar type of classification will help in writing all possible
HBEPTAMINOES (‘hepta’ means ‘seven’), or HEPTOMINQES and
OCTAMINDQES (‘octa’ means ‘eight’) or OCTOMINOES but i will
require a great deal of concentration to draw all these patterns. There
are 108 distinct heptaminoes including one with a ‘hole” shown
below : :

s

il

Experiment 16f, Making Rectangles with Polyminoes,

The children may ‘ike fo make hard paper or flannel or card
board or wooden models of the various polyminoes and many acti-
vities can be built round these models.e.g. 12 pentaminoes cover 60
squares. The questiod can be raised whetheriwith these 60 squares,
we can make rectangles of sizes 320, 4x 15, 5x 12 and 6x 10. The
answer is ‘yes’ in each case and the patterns dre given below !

: 2 8 &
sxeo oL LT e By
¥ L . 3
P Lz ¢
B8 7
4XisS Is
'::gp:‘_l—l 2 X * it
5
3
5x(2
AND 6| 2
6X10
T

The children may colour these different pentaminoes witl
different colours and get beautiful designs.



Experiment 162, Squares with Peataminoes. .

- The children can also try to get a square of size X8 from the
twelve pentaminees § of course four spaces will remain vacant. These
can be arranged at the corner or at the centre. Two solutions are
given below, Children may find others,

@ 7

& i
o sl e
Rl
Esperiment 163. Tessellations with Polyminoes.
The children will find it an interesting exercise to try to cover
the ﬂepr with a single polyminoe used as a title and to find for which
polyminoes this is possible and for which it is not. By using different

colours, beautiful designs can be obtained e.g. we give some designs
with hexaminoes,

%
A A

Experiment 164, Modified Polyminoces. :

. In making polyminces, we had considered only squares witict
touch along a side, Suppose we allow squares which are allowed t
‘touch’ at one corner also so that both '

o w P



are permissible. 'With three squares one ¢an have

o B oo & db

Let the children now find all possxb!e generalised polyminoes
with four, five and six squares. .

Experiment 165, Odd and even Hexaminoes.

Let the children shade the thirty-five hexaminoes 50 that if one
square is shaded, the adjacent square (or squares) are unshaded. Is
24 hexaminoes, Yare shaded, and 3 are unshaded, these are called odd
hexaminoes.  In the remaining hexaminoes, the numbers shaded and
unshaded are both even ; these are called even hexaminoes. Let the
children find which are even and which are odd,

Similarly let them classify tetrammoes and pentaminoes into
odd and even ones.

8

Pascal Triangle Patterns

Experiments : 166 to 175

Experiment 166. Recurrence Relation for Partitions.
We have already come across the Pascal triangle pattern viz.

13 3
14 8 4|
I 5 1010 6
I 6 152015 6 1

We shall denote by (6,4) the foirth number of the sixth row so that
(6,4)=10, (7.3) =15, (7,5=15, (52)=4, (83)=
The children may find similarly {9,4), (16,5, (11,7), (12,9)..
Each “of these above equations has an interpretation in terms of
partitions. This (7,5)=15 means that there are 13 ways in which
the number 7 can be expressed as a sum of 5 non-zero addends,
The chiidren can find relations between these numbers e.g.
(1,5)=1(6,9)+(6,5) ; (6:4)=(53)+(5.4) ; (5.4)=(4,3)+ (4,4).



The children can now generalise these to

{(n, ry==(n—1, r—D4(n—1, #}
By writing explicitely all the partitions on both sides and establishing
correspondences between these, the children can get an idea of the
proof of this general relation e.g. for the second ¢quation above :

(}9 la 3) - (IJ ]’ I*l 3) )
A iy - (LL3 |
(3! k’ i) g (E!s’ 1y]}
G4 L2 - (L2
(2‘: is 2) - {19 2: i.s 2)
—

(hL,2,2, 1 {6,4)
L, =@ L1,
L2, =2 L2

2L 1) - (2,2, 1, 1)
LL -3 LLY

(5:4)

F“"A'"'_\ (’_—'"’AM T
~—
[
-
i
—

J

The partitions of n inte r addends can be divided into the following
two categories ; . .

{a) those which begin with 1. These can be obtained by just

adding addend 1 to each partition of (7 —1) inte £ —1 parts.

(/) those which begin with a number more than 1 i.e. with

2 or 3 ete. These can be obtained by adding }to the frst

addend of each partition of (n—1) into r parts. )

. Let the ¢hildren verify this rule for a number of examples. This wiil
also make clear the structure of the Pascal triangle. ‘

Experiment 167. Partitions and Pascal Triangle, ,

- .The children may also note the similarity belween the pattern
in the tables of experiments of Chapter Five where we find the
number of ‘ways in which a given number of objects can be placed in
a given number of boxes; and the pattern of the Pascal trizngle. -

Experiment 168. Pascal Triangle Pattern in Powers of Eleven.

“We also come across the same Pascal triangle pattern by
considering . v )

(11, (112, (11, (11)% ete. Thus

=11 (n—12%....... n—1n—1)

R _ s

=41} (r~1,2%...c.o{n—1no i—1,n—1)

=D (m=12y -LY). e b= r—Le—1)
(=01 fin—1r-(n—1,r) s (r—1,n—1)

SO that {n, Ny=(n—1, r}-+-{p—1, r—1j

pass through Hor L.
the number of paths to H and I
niumber of paths for reaching rth point in nth row, then

The children can verify this by doing a number of particular cases.
It may also be seen that this formula will also be true in other scales.
in the scale of 7, the Pascal triapgle will be as follows :

1 4 & 4 )

P 5 3 13 5 |
. 6 2t 28 20 B8 1
{10 30 50 50 30 10 ¢t

Experiment 169. Pascal Triangle Pattern in Zigzags.
Lzt us considér the zig-zig shown below.

A i
PN L
(Y 2o
AT L3 3 )
KV W N o P a6 4 1
CAYRYY P 510005 )
VWYY Y Y i 6 152085 & |

A particle stacts from the point A.  What is the number of
possible. paths for it to Teach any mode of this zig zig 7 Let us
vonsider the problem for it to reach nodes in fourth row,

node paths. number of paths
G ABDG B ‘
H ABDH, ABEH, ACEH 3
i ABEI, ACEL AFI 3
I “ACFJ 1

The numbet of paths are again determined by the Paseal triangle.

The reason for this is obvious.  To reach M, the particle must
The number of paths to M is thus the sum of

Thus if {(n, #) now denotes the

(n, N=(a--Lr—=hH+(n—1 r)



Experiment 170. Pascal Triangle and Probability.

As particle proceeding from A, will pass through one and only
one node of each row. Thus it can pass through either K or L or M
or NorO. There are 16 paths which start for A and terminate in
this row. Out of these only 1 passes through K, 4 pass through L,
6 pass through M, 4 pass through ™ and only | passes through O.
If we consider a large number of paths and all paths are equally
tikely, then only one-sixteenth of these pass through K, four-
sixteenths pass through I, six-sixteenths pass through M, four-
sixteenths pass through N and one-sixteenth pass through O. Simil-
arly out of 32 paths starting from A and terminating in the next
row, the number of paths terminating at P, Q, R, S, Tand U
are 1, 5, 10, 10, 5, 1 respectively und the respective proportions are
1/32, 5/32, 10/32, 10/32, 5;32, and 1/32. These ratios are called
probabilities of passing through these points.  The children can write
all the probabilities as below :
%/‘\%.
%S
L/ N NS \*

[)

W \s_/ \gi \g! \LL

£
NSNS,
gk Rk A Sk Rl 1

 Experiment 171. Paseal Triangle Pattern in Coin Throwing.
If a child throws one coia, there are two possibilities viz. Head
or Tai}

H T
, 1 i
If a child throws two coins, there are four possibilities vz,
H H H T T T
T H
: 1 2 1
If a child throws three coins, there are eight possibilities viz.
HHH HHT HTT TTT
THH TTH
HTH THT
1 3 C3 1

{all thiree héads) {2 heads & 1 tail} (1 head & 7 tails) (all three tails)

If a child throws four coins, there are sixteen possibilities viz.

HHEHH HHHT HHTT TTTH TTTT
HHTH HTHT TTHT
HTHH HTTH THTT
THHH THTH HTTT
TTHH
THHT
1 4 6 4 i
{all four (3 heads and (2 heads and (1 head and  {all four
heads) 1 tail) 2 tails) 3 tails) tails.

The Pascal triapgle pattern s easily seen to emerge, Children can
continue this pattern one or two stages more.

The relative proportions for the throw of four coins are :
1/16, 416, 616, 4/16, 1/16. We say the probability of getting all
four headsis 116, of getting 2 heads and 1 tail is 4/16, of getting
2 heads and 2 tails is 6/16, of getting 1 head and 3 tails is 4/16 and
of getting all tails is 1/16.

Experiment 172, Pascal Triangle Pattern in Binary Decisions.

A person may be asked a question and he may reply ‘Yes® (Y)
or ‘No” (N}. For two persons the possibilities are two yeses, one yes
aund one no and two nos. The paifern that thus emerges is again the

~ Pascal Triangle pattern.

One person Y N
i i »
Two persons Y Y YN, NY NN
1 C 2 i
Threepersons YYY YYN,YNY,NYY YNNNYNNNY NTN
’ 1 3 3 :
Four persons YYYY YYYN YYNN YNNN NNNN
YYNY YNYN NYNN
YNYY YNNY NNYY
NYYY NNYY NNNY
NYNY
NYYN -
i 4 & 4 i

Experiment {73, Pascal Triangle Pattern in Human Relations.
A person has two parents viz. one father (F) and one mother (M’}k
He has four grand-parents wz. 1 Father’s Father (FF), 2 Father's



- Mother (FM) and Mother’s Father (MF) and 1 Mother's Mother
(MM). Proceeding in this way, children get again the Pascal triangle
pattern.

Parents F M
1 1
Grand parents FF FM, MF MM
1 2 3
Great grand FFF FFM,FMF,MFF FMM,MFM,MMF MMM
parents 1 3 3 1
Great great FFFF FFFM FFMM FMMM MMMM
grand parents. FFMF FMFM MFMM
FMFF FMMF MMFM
MFFF MMFF MMMF
MFFM
MFMF
1 4 6 4 1

The interpretation of the last line is that among the 16 great
great grand parents, one is related 10 the individual by throughout
male ancestors; four are related through three male and one female,
ancestors, six are related through 2 male and 2 female ancestors,
four are related through one male and three female ancestors and one
is related through female ancestors only.

Experiment 174. Pascal Triangle Pattern in Subsets of A Set.

Let us find the number of subsets of a given set. If a set con-
sists of 4 objects, it will have 1 subset of four objects, 4 subsets of
three objects each, 6 subsets of 2 objects each, 4 subsets of one
object each and 1 subset of no object (i.e. empty set)

{ABC} {AB) {A)
{ABD} {AC) {B)
{ACD} {AD} {1
{ABCD}  {BCD} {BC} D}
{BD)
{CD} _
1 4 [ 4 1

Thus the children get the following table :

Number Number of subsets containing

of objects : : : ; : ahi
in the set 0 object 1 object 2 objects 3 objects 4 objects 5 objects

| 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 i 5 10 10 5 1

We again get a Pascal triangle pattern.
Let (n, r) denote the number of subsets containing » objects
from a set containing # objects, then the children can show that
(n.N=n—1, r=1)+@HE—-1,r
The first term in the right gives the number of subsets including

a particular object and the other gives the number of subsets excluding
this particular object.

If we write I for ‘included’ and E for ‘excluded’, we get. the
following table ;

Qune object set I E
1 1
Two objects set 11 IE, El EE
1 2 1
Three objects set 111 IIE, IEI, EIl 1EE, EIE, EEI EEE
1 3 3 1
Four objects set  ITIL II1E 1IEE IEEE EEEE
IIEL 1EIE EIEE
iEIE IEEI EEIE
EII EEII EEEI
EIET
EIIE
1 4 6 4 1

Here IEEI means that the first and fourth objects are included
and second and third are excluded,




Experiment 175. Pascal Tyiangle Paitern as an Illustration

of Iscmorphismm and Abstraction inm-

Mathematics,

The children have seen that the same Pascal triangle pattern
emerges in so many different situations viz. partitions, multiplications,
paths in a zigzig, probability, throwing of ccins, yes-no opinions,
heridity trees and subsets of a set and this list 5 far from exhaustive,
Whenever there are two alternatives at each stage, this pattern can
emerge. ' :
Moreover some of the tables above differ in symbols only e.g.
they differ only in having HT or FM or IE. If we interchange the
symbols, the tables become the same. ‘ :

Though the situations are different, symbols are different, yet
the mathematical pattern is the same. This is responsible for the power
of mathematics. The same mathematical pattern may be applicable
to a larger pumber of entirely different situations. Mathematicians
study an abstract pattern and then apply the resulis fo alt the diffe-
rent situations, Though the situations are different, the pattern is the
same. We say the situations are isomerphic (iso==same, morphic=
form). This recognition of a common pattern in different situations
is known as abstraction and this capacity of abstraction is responsible
for the great power of mathematics.

Patterns on Geoboards

9

“Smaller 9 pin and 16 pin geoboards can also be useful.

Experiments: 176 to 195

Experiment 176. Construction of a Geoboard, :

A geoboard may be made for each child on a 3/8" plywood of
size 127 % 12* divided into 25 equal squares, with one pin centrafly
placed in each square. ‘

Fach child
is given packets of rubber bands of different colours, Geometricak
figures can be made on the board with the help of rubber bands and
many interesting geometrical properties can be studied easily, The
figures can be removed as easily as they are made. Moreover the
child can give free play to his creativity and imagination.



Experiment 177, Freeplay Activity on the Geoboard,
The simplest activity can be for the child to write all the letters

of the alphabet, all the digits, all the mathematical symbols and
other figures with rubber bands e.g.

P - B
| v P )
PG .

The teacher can draw some patterns on the board and the
children can try to copy these on the geoboard or the children can
make their own patterns and interpret them.

Experim:uat 178. Geometrical Paiterns on Geohoards.
Next let the children make geometrical patterns viz. {riangle,
quadrilateral, pentagon etc. and they may study their classification.

v « " .. " - =+ =
: - i . Uj o )
L - a .
L « = o+ =
-
.

PR

Tsoscles triangle Right angied Obtuse angled Square Rectangle
triangle triangle
Paraliclogram Rhombus Kite Convex ‘
quadrilateral

PR .
Trapezium Nom-convex QOctagon Pentagon
quadrilateral
L] - L] . -

Heptagon

Hexagon Nonagon

Experiment 179, Demonstration of Geometrical Results on
Geoboards,
Children can egsily prove some “theorems’ on the geoboard e.g.

(@) A diagonal bisects a parallelogram

v /F\'
(b} Diagonals of arhombus bisect each K\" )
other at right angles .. ,_// .
f
» . . .

Experiment 180. Areas of Figures with no Pins Inside.
Children may find areas of figures formed by these figures
which contain pins on the boundary only and no pins strictly inside.

N

Let the children draw more figures with pins on the boundary
and note the pattern.
No. of pins
Area

3 4 6 8 10 12
1 e 2 3 4 5



Can they see any pattern? Yes, the area is one less than half the
number of pins or .

A=} p—1,
where A is area in terms of squares and p is the number &r pins.

Experiment 181, Areas of figures with Pins Inside,

Children may now try 1o find a formula for the areas of these -

polvgens which have pins both inside and on the boundary

No. of piﬁs on the boundary p @ 8 12 7 12
No. of pins inside q: 1 3 2 4
Area A: 4 8 4% g

Now A=} p—1 does not hold. Let us find the discrepancy dnd how
it is related to ¢.  1n every case this is equal to g so that

A= ptg—1

The children now can proceed to verify this formula and they would
be pleasantly surprised to find it always holds.

Experiment 182, Deformation to Increaps or Decrease Area
Included by a Given Amount.

Given a certain figure on the board, the children may be asked
to deform it 50 as to increase ot decrease the area by a given amount.
Each additional pin on the boundary will increase the area by halfa
unit and each additional pin in the interior will increase the area by

2 a unit.
AN o
oo Deformation | increases the area by 1
Ly
DN 3 P Deformation 2 increases the area by 2
LS /f 7
A 2{_ ,’ Deformation 3 decreases the area by |
AY ¥ -
kVi Deformation 4 decreases the drea by 2

Experiment 183. Counting the Number of Geometrical
Figures Possible,

Children may be asked to find how many triangies, right-angled
triangles, squares, rectangles, parallelograms etc. they can drawin a 9
pin or 16 pin geoboard. It may be desirable to hang all the class-
room geoboards on the wall and ask each child to make a different
square from others and so on. Squares of the type shown below
should not be forgotten.

Experiment 184. Polyminoes on Geohoards.

Children may make all the biminoes, triminoes, tetraminoes,
pentaminoes and hexaminoes on their geoboards. Thirty-five
geoboards may be used to show all the thirty-five hexaminoes. The
boundary of each polyminoe may be shown by a sin gle band, other-
wise a separate band may be used to show each square.

Experiment 185, A Geomesh.

A modified geobodrd may be made with a wire mesh (this may
be called 2 geomesh} with nails or pins or thin rods in both direc-
tions at each node

A A

Lil
. - ;/' " o
The advantage is that it ean not only be rotated around like a

geoboard, but it can be turned about and as such the congruency of
polyminoes can be more easily seen here.



Experiment 186. Number of Different Polygons on Geoboards,

Children may like to investigate the largest number of different
figures which can be formed with 4 pins, 3 pins, 6 pins only.
L

Experiment 187, Fractions on Geoboards,
Children may study fractions with the help of a geoboard.

%z Yaa Lot
i i 3 ‘?’4 ’,{a 1/,1'2 ’ﬁz
4
( , 2 ‘Vs I/; we
i i s 8
o

1,1
g+

Lriy:)

Experiment 188. Finding Formulae for Areas of Geometrical
Figures,

Children can discover the formulae for the area of various
figures with the help of a geoboard and Pickes formulae (d=:} p4-g
—leg.

{a@) they can draw a mumber of triangles

- - *

(b) they can draw parallelograms of different sizes and find that
area=base X height

(¢} They can draw trapezia of different sizes and discover that
area=73 (sum of opposite sides) x height

Experiment 189. Showing Solution Sets of Equations on
Geoboards,

The children can use the geoboard to show solution sets of
sentences like

O+A=4, O—A=3, O+2A =6

. . - . 3

;y]ith larger geoboards, they can also show solution sets of sentences
ike
xy=12

Experiment_ 190. Showing Solution sets of Inegualities,
The children can also show the solution sets of inequalitics here
e.g, solution set of X-by<§, x>0, ¥0



% shown by pins inside the triangle below

Experiment 191. Non-Metrival Geometry on Geoboards.

The children may be asked to place their geoboards flat on
their desks so that the side with no pins portruding is up.

Give two or three strings fo each child and ask him to make
figures on the flat surface of the board.

| (@ (O] |8 |9
a b c d e
8 7 53

+

f g h {
Explain to the children the difference between open curves
{a,b,d, g, h) and closed carves (¢, e, f, i}. There are curves here
which have crossover points (d, e, f). A closed curve with no ¢rossover

points is called a simple closed carve (e, i). The curve h represents
a wave.

AN

Esperiment 192. Number of closed curves with given
_ characteristics.

The children may be asked to turn their geoboards se that the
pin side is up.  With their strings which may be knotted to form
closed loops, they may be asked to form simple closed curves with no
pin inside, one pin inside, two pins inside, three pins inside, nine ping
inside, four on the boundary and one inside and so on.

. . » » . L
* * D * @ *
* - - + - »

How many such simple closed curves can they draw ? They have to
partition the number 9 into three. addends (number of pins inside,
number of pins on and number of pins outside the string) The floures
above correspond to the partitions 04049, 1+048, 2-2047,
34+0L46,940-40, 44-1+4.

For solving this problem, we have to find the number of solu-
tions of

O A+ =9

in non-negative integers. 1t is obvious that if the numbers in [, AN
are fixed, the number in < > is determined uniquely. Morsover
numbers in {3, A satisfy the sentence
O+A<9

The solution set of this may be found by the children as the union of
the solution sets of

D+£S:0’ D+A=I: D+A:21 D+A=31 L‘j_kﬁ\.zl"

D4+ A4=504+A=6 i+ =7, O+ =8, 0+ 1=9
The number of solutions of these equations are 1,2,3,4,5,6,7, 8,
9, 10, 50 that the total number of solutions is

1424344 45464-7+8-49410=55

Even when we fix particitlar pins inside, on and outside the curve, the

string can be deformed horizontally to take an infinite number of
different shapes e.g. with nine pins inside, we can have

All these figures will be called topologically equivalent.

They
are not same but they can be continuously deformed iﬁ;o one anoiher
without lifting the string from the board and withowt viclating the
pins conditions.



Even when the pumber of pins is fixed, we can have diferent
non-equivalent figures depending on which pins are inside, which are
on the boundary and which are oufside. Twus if there is to be ong
pin inside, no pin on the boundary and cight pins outside, the pumber
of different non-equivalent figures is nine, Children can now try to
enumerate all topologically different figures.

The total number of different figures with no pins on the
boundary is 512 and the total namber of non-equivalent figures is
155102,

For bright children, the concept of combinations can be intro-
duced. One pin may be chosen in 9 ways, a pair of pins in 36 ways,
a triplet of pins in 84 ways and so on. The total number of non-
equivalent figures with no pins on the boundary is thus

9ey4-96,4- 90y + 9+ ovvo £ Gegme 292512,

If we allow pins on the boundary, the calcddation is slightly
more complicated, 1f x pins are in the interior and y are on the
boundary, the total number of Ggures is 9¢x X (¥ —x)cy 50 that the total
number of non-equivalent figures is given by

9, (9¢u-+ 90, -F9¢y+ v+ 9ey)

86, (Fog-i- 90+ e+ e}
+-8c; (9cg =G+ v 90y)
+9¢, (B + %0+ +30g)
+9¢. (9e,+ 9, +9¢,)

+9¢, (Fg+804) ’

+9¢, (920)

=155102

The ambitious chitdren may now try to find the total mumber
of non-squivalent figures for a 16 pin geoboard and even for a 25 pin
geoboard.

If we allow rotations of the board, then with one pin inside,
there are three distinct figures corresponding to the pin being a central
pin or a corner pin or a pin in the middle of an edge. Similarly
the children will find it interesting to ind how many distinct figures
are possible with two pins, three pins inside etc.

Experiment 193. Lire segments, rays and angles,
Children can draw line segments, rays and angles with the help
of sirings on geoboards.

/ “ . — T . . . . - -
Line segments Rays Rays

.

Angles

A line segment is finite in length. A ray has a starting point
in the board, but it goes outside the board. To give the children the
idea of a ray extending to infinity, a number of geoboards may be
combined together and yet the ray will go beyond. Even if they
combine all the geoboards of the school, the ray will go beyond and
it will go beyond even if they combine all the geoboards in the whole
warld.  Children can draw two rays starting at the same point. They
will form an angle, Children may form angle with no pin in the
interior, 2 pins in the interior and even all the 9 pins in the interior

— e e

Chfldren may like to investigate as to how many angles have no pins
Inside, one pin inside or all the 9 pins inside.

Experiment 194, Noughts and Crosses on Geohoards,
Children can play ‘noughts and crosses’ on geoboards

s
. . . . - . . -

. -

A pair of children can use rubber bands of different colours. The
Player who can get three bands of his colour in one line (row, column



or diagonal) first wins the game. Similarly en 16 pin board or 25 pin
board the child who succeeds first in getting 4 or 5 rubber. bands
of his colour in a line will win the game. A modified version of the
game is when bands of both celours are available to both players and
a player can use either colour in any move. The player who completes
the first line in one colour wins the game. Another version with
25 pins board can be when child can place two bands simultanecusly
and these may be of one colour or two colours.

Experimuent 195, Abstract Version of Noughts and Crosses.
Child can also play an abstract version of this game
(L (L2 Ly 4 (L5
0 25 23 24 {49
3,1 (3,2) (3.3) (3,4) (3,5
4.1} 4.2) 4.3 4.4 {4,
{5.1) (5,2 (5% (5,4 {5,5}
Each pin is assoclated with a number pair. The first number
“gives the number of the row and the second number gives the number
of the column. Now these number pairs are written on cardboard
discs and these are placed on the table in a random order. Two
children pick up the dises alternately. The child who first gets 5 discs
“with the same first number or the same second number or with the
"same sum equal 10 6 of with the same difference equal to 0 wins the
game (why 7)

10 | Patterns in Tessellations:

196 to 205

Experiments :

Experiment 196. Forming Figures with Equilateral Triangles.

Fach child may be given an equilateral triangle and a card-
board piece or a hard board paper piece and asked to cut triangles
equal to the given triangle and then to arrange these to get different
shapes. The children may get shapes like the following :

X KX A

. Flower Star Rhombus Trapezium
Parallelogram Hexagon Star



Expel iment 197. Enlar ge!n'ent of Flgures.
g Zes
l et Ihe Ch] (llen a(ld triangles to get figu €S ()f double ” € 51
4 1

@ R S

VAVAVAN

H
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recover from the bigger figures. They can distingnish between the
over-lapping and non-overlapping cases e.g. in the case of the
trapezium they can get four non-overlapping trapezia ABHF,
BCGH, CDEG, and EFHG. From the hexagen or the star, they
can get only one non-lapping original shape, but if overlapping shapes
are allowed, they can get quite a larger number e.g. hexagons
ABFJID, BCGKIE, GLPOJF, PSRNJK, RGMIIO, HBEINM,
EFKONI are all hexagons with the same size as original- The
centres of these hexagons are E, F, K, O, N, F and J.

Experiment 198. Tessellations.

The children may now ‘tessellate’ the top surfaces of their
desks or portions of the floor of their classrooms with equilateral
triangles, parallelegrams, rhombuses, squares, hexagons, etc. as

follows :

=
\

il
%%IHH

D _ G

A B C

In each_ case to get double the size, we require four times the
numbe}' of triangles. How many triangles do we require to get
three times the size or four times the size ? The children may also
reduce the new figures to half size by removing triangles. They may
also se¢ how many of the original shapes in original sizes they can

LNNININ/N/N

il




.Except for the edges, the floor or desk surface can be
completely covered and beautiful designs can be obtained.

Experiment 199. Polygons which can Tessellate,

Let now the children check whether they can ‘tessellate’ a floor
with any triangle, any quadrilateral, any pentagon, any hexagon,
any heptagon, any octagon and any circle. They will succeed with
the triangle, quadrilateral and hexagon only; with others, gaps will be
left; not only at the edges but also in the interior.

o p
ol
)

)

The children have to wait for the proof of the result that they
will succeed in these three cases and not in others.

Tessellations with Combinations of

Polygons.
Though children cannot tessellate with an octagon alone, they
may be ahle to do so by combining it with some _ot_her ﬁgures.
Similarly beautiful designs can be obtained by combining different

polygons e g.

Experiment 200.

AN
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‘Experlment 201. Tessellations with Polyminoces.
Children have al-cady made beautiful tessellation designs with

polyminoes. Some other examples are given below :—

- -
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Experiment 202, Demonstrations of Theorems in Geometry,

Some of the theorems of plane geometry can be easily seen from

the tessellations for triangles and quadrilaterals. Examples are :

{a) the sum of angles of a triangle is two Tight angles.

(5} the sum of the angles of a. quadrilateral s four right
angles. :

{¢) if two straight lines intersect, vertically opposite angles
are equal.

() if two parallel lines are intersected by a third line, the
alternate angles so formed are equatl, the corresponding
angles are equal, and the sum of the internal angles on one
side is two right angles. ’ .

{¢} the line joining the middie points of two sides of a triangle
is half of the base and is paralle] to the base.

va X@

v

(F) if angles of two triangles are equal each to each, then the
corresponding sides are proportional.

(g) if a number of parallel lines are intercepted by two
transversals and if the intercepts on one of the transversals
are equal, then the intercepts on the other transversal are
also equal.

Experiment 203. Suitable Unit of Area.

To measure the area of a floor, we can use a triangleora
quadrilateral (square, rectangle, parallelogram, trapezium) or a
hexagon as a unit and express the area as so many triangles or
quadrilaterals or hexagons of given size. It is not possible to express
it as so many pentagons or octagons or circles. The children may be
given some triangle or quadrilateral or hexagon as a standard uait
and asked to measure the area of the surface of the desk in term of
these. The number of units is approximate since some area near the
edges has to be left out. In practice we use a square {(a square inch
or square centimetre or a square foot or a square yard) asa unit.
A square has an advantage in as much as it gives exact arcas for
square and rectangular fields, but if we have to measure the area of
an equilateral triangular field, an equilateral triangle may be more
convenient unit.

Experiment 204. Doubling the Area,

Children may be given a number of isoscles right-angled
triangles of side say 2 cms. and asked to form squares with their
help. They get the following figures : |
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The number of triangles is 2, 4, &, 16,

ST
\\>\/z:__ //x\/
18,32, 36,.........
Can the children find the paitern ? \/Z‘il\‘
Areasare 4, 8, 16,32, 64, 72,.........
These are 2%, (2 3 2, 4%, (4¥ 3 1,62
{6V 3)%, 8% (S /3 Penne <j

Given any square in the series, we L
can find square of double its arca. b\ 7

Experiment 203, Similar Triangle Theorem.
The corresponding sides of the triangles are parallel and their
lengths arc propotional,

L /\/\f\/\f f\!\’\,W\z‘\J
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Patterns in Sums and
Products of Numbers

I
1
1
I. Experiments: 206 to 210

Experiment 206, Even Numbers as Sums of Two Odd Primes.

Except the number 2, all prime numbers are odd and the sum
of every two odd prime numbers is even. What about the converse of
this result 7 Can every even number be expressed as the sum of two
odd primes 7 Let the children investigate. Let them first prepare
the table of all odd primes less than one hundred viz. 3, 5, 7, 11, 13,
17.19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83,
89, 97 by using sieve of Erosthenes or otherwise. Let them proceed
to express every even number as the sum of two odd prime numbers.
in as many ways as possible. They get

2=14+1, 4=14+3=242, 6=1+5=34-3,

However 1 is not a prime number and 2 is not an odd prime number.
Let the children proceed further :

8=3+45
10=3+7=5+5
12=5+7

14=34+11=7+7
16=3+13=5+11
18=5413=7+11



20=3417=T7413
22=34+19=5417=11411
24=5+19=T+17=11+.23
26=3+423=T7+19=13+13
28=54-23=11417
20e=T423=114+19=13417
32=3+29=13-+19
34=3431=11-423=17417
30=54+31=7+29=13423=17419
3B=T+31=19}19
40=3+37=11-29=17423
42=3437=13+ 29——19—%—23—11-—}«31
44=3--41=T71+37=13-+31
46=3+43= 5+41~—17+29 23423
48:=5+43=7+41=17+31=194+29=114-37
5023+ 47=T 443 =13437=19+131 '
528 T =11+ 41=223-+-29
§4m74+4T=11+43=13+41=17+437= 23+31
$6= 34 33=2134+43=194-37
58:=5-F S3=11+47=174+41=20--20
60=T+53=13-+47=17+43=194+-41==234-37= 29431
622234 59=19-4+43=31--31
64:=34-61=5+5%=11F53=17F47 == 23+41
66 =5461==7459=13}53=234+43= 29—{—37«19+47
=74 61 =31-+37
70 346T=11-+59=17+53=23+47=25F4]}
19e=5 167 =11461=13-4-59==19-4 53=204-43=31 +41
4= 3+71-7+67—13+61m31+43—37+3?'
6= L 73=5+T1==17+ 592223453 =20447
18254 T3=T+T1=11+67=17461=19+4-59= 31+47w37~t4l
80==T4-73=13-467=19--61=37443
8234 79=11--71=23+59=204-53=41+41
§4=54T79=11+73= 13471 =17467=23-+61
=31453=374+47= 41443
86 =31-83==7 1 7913473219+ 6743443
RR == 5483 =174 T1=20+59=41-1-47
00T 4+ 83=11479=174+73=19+T1 =29-1-6}
=37453=434+47=23467=31+39
02--3.2-890=13479=19+73=31461
94=:5189=11--83=23 -+ 71 =41433=474-47

96=—=7-1-89=13+83=17+79=29+67=37+59=43+53
=23+73

98=19+79=31-+67=37-61
100=11489==17+83 =294 71 =414 59=47+53=3+97.

The children have been able to express all even numbers 14 or
greater as the sum of two odd prime numbers in more than one way.
Will this always be possible ? It appears very likely but nobody has
proved this result so far. Wil the children accept the challenge ?

Experiment 207, Numbers which can be expressed as pro-
duct of a given number of numbers in only
one way.

Every composite number can be expressed, as the product of
prime factors. Let the children verify that they always get the same
prime factors i.e., in any two prime factorizations, the factors will be
the same, except possibly for the order of the factors.

Let them find those numbers which are products of only two
factors, prime ot composite in only one way eg., 4, 6, 8,9, 10, 14,
15, 21, 22, 23, 26, 27, 33, 34, 35,38, 39,.....0...... What pattern do
they find 7 The numbers are either the product of two prime factors
ot they are perfect cubes of prime numbers. All other composite
numbers can be expressed as the product of two factors in more than
one way.

Let the Ch]]dl’CD now find all those numbers which can be
expressed as the product of exactly three numbers in one way only.
These will be products ‘of three ‘prime numbers or perfect fourth
powers of prime numbers.

- The children can now try to generalise and find all those num-
bers which can be expressed as the products of ckactly # numbers in
one way only. . These will be either products of n prime numbers or
these will be perfect (n—l—l)th power of prime numbers,

Experiment 208. Maxllmum Product with a Given Sum.

Let the children be given a number, say 16 or 17 and let them
break it into 2 addends so that the product is miximum 1x15=15,
2x14=28, 3x13=39, 4 12=48, 5x11=55, 6 X 10=60, 7x9—=63,
8% 8=064, 1x16=16, 2% 15==30, 3x14=42, 4x13=52, 5% [2=60,

66X 11=66, 7x10=70, 8 x9=72, so that the produci is maximum

when the two numbers are cither equal Or as near to cach other as
possible.



Next children break the given number 16 into 3 addends so that
the product is maximum. The maximum for 16 is 5x 5x6=150 and
this maximum is greater than the earlier maximum.

Again let them break 16 into 4 or 5 or 6 or 7 addends and see
what they get

4+4+4-4=16

34+343434242=16
34+34343+4=1a6 3Ix3Ix3Ix3Ix4=324

3434343434 1=16 IxIXINIxIn1=243

It appears that the largest product which we can get from num-
bers whose sum is 16 is 324.

Let the children investigate other numbers and get the following
results :

4x4x4x4=2356
I3x3IX3IXIN2X2=324

2434343 =1} 2x3x3Ix3 ==54
3434343 e= 2 Ix3x3x3 =81
44+34-343 =13 4x3%3x3 =108
243434343 =14 2x3x3x3x3 =162
343434343 =15 IXIX3Ix3Ix3 =243
4+343-434+3 =16 4x3x3Ix3x3 =324

243434343 43=17 2x 3% 333 x3I=486
It appears that if the given number is 35, then the maximum product
is 3, if the given number is 3n+1, then the maximum product is
In-1w 4 and if the given number is 3n+2, then the maximum pro-
duct is 37 2. Let the children verify whether this pattern holds for
numbers upto 50.

The problem of minimum product with a given sum is of no
interest since the minimum product is always unity.

Maximum Product with Given Sum and
Different Addends,

In the last section, we found 3 as the most desirable addend.
We took as many three’s as possible and then took 2 or 4 wherever

Experiment 209.

necessary.  Since here we want different addends, it is desirable to
consider 2, 3, 4, 5, 6 as addends. Let the children now verify the
following ;

2+3 =5 Ix2 =6

244 =6 2x4 =38

344 = Ix4 =12

3+5 =8 3x5 =15

24344 =9 2x3x4 =24

24343 =id 2x3Ix5 = 30
2445 =1} 2x4%5 = 4
34435 =12 3Ix4x5 = 60
344+6 =13 Ikdx6 = 72
2+344-+5=14 2x3%x4x5=120
2.-3444-6=15 2x3x4x6=144
243+-54+6=16 2x3x5x6=180
244+5+6=17 24 x5x6=240
34+44-546=18 Ixdx5x6=360

Let the children continue {he pattern for numbers upto 50,

Experiment 210, Other similar problems,
Children may be asked 1o investigate the following problems
and note the emerging patterns :
(i) Break up numbers from 11 to 30 into prime addends so
that the product is maximum.
(!)) Break up numbers from Il to 50 into factors so that the
sum of the factors 15 minimum.
(¢Z) Break up numbers from 11 to 50 into addends so that the
sum of squares of numbers is maximum (or minimum).
The children may be asked to construct more such problems
and to investizate them. These problems will provide the children
with well motivated exercises in addition and multiplication.



Patterns in Games
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211 to 225

| Experiments:

Experiment 211, Numbers have many names.
Let the children express a given number in as many different
ways as possible by using fundamental operations, e.g.,
16=1415=749=5+11=3+13=..........cc.......
=17—1=18—-2=19-3=25-9=.....ccecreer.....
=1X16=2x8=4xd= i,
=3212=64-4=192-12=. .. .cciieerrin,

Let each child express each number by using one operation, two
operations, three operations and all the four operations.

Experiment 212. Expressing every pumber in terms of fonr
three’s or four four’s or four five’s.

In another version children may try to express every number in
terms of four three’s only or four four’s only or four five’s only, e.g.,
we have

{a@) 34+3—~3-3 =0

(B3+3)4(3+3) =2

3-3)Ix(3+3 =1
(34+343)=3 =3

)

(e)

(d)

3 [ -
j—(3rr3) = 4
34343-3 = §
(33-+-3)—-3 = 8
{33—3)=-3 =10
(33-+3)+-3 =12
33+3413 =14
(4+4)—(4-+4) =0
i+3 =2
AL4—yA—V4 = 4
Va4 V4 44— y4 = 6
VAL A4+ va 1/ 4= §
4+vV4+vV44+v4 =10
4444 ¥44VE =12
4+4+44v4 =14
G+35)—(5+35) =0
5 5

?4-? = 2
VEx5-5+5 =4
385 =6
54(5% 5)+"5 = 8
54545-5 =10
LIS =1
a’ a

atata = 3

a

2 x4 =10
a a

(3+3)—-(3+3)

343+%
(3%x3)+3—3
3 3
3Ty
3 —

(3x3)+(3+3)

......................

*Sx5+-5%s
54-(5x-5)—-5

-+
|h u-|u- u.[u'

+

1

gls 5[0 8l Glo o
n‘h an R

+

........



Experiment 213,
b+a is another name for a+b
&xa is another name for ax b

a+{b-}-c} is another namg for
{a-+by-+e

ax{bhxc)is another name for
{axb)xc

axb+axe is another name
for ax(b-+e)

bra-tcxais another name
for (b-+cyxa

{b-}-¢}-=a is another name for
bratcta

a—b is not another name for

b—a

-+ b isnot another name for
b+g

@ (b-+}-c) is not another name
for a-=b+a-+¢

ax{b-c}is another name for

axb—axec

Lzws of Algebraic Structure.

(commutative faw for addition)
{commutative law for multipli-

cation)
{associative law for addition)

(associative law for muliiplication)

(multiplication distributes addition
on the right)

{multiplication distributes addition
on the left}

{division distributes addition on the
left)
{commutative
for subtraction)
(commutative law does not hold for
division)

{(division does not distribute addition
on the right)

{multiplication distributes subtrac-
tion)

law does not hold

Above and similar laws can be profusely illustrated by examples of

this game.
Experiment 214.

What is my Rule ?

A child calls out a prumber and teacher calls out a correspond-

ing number.

A second child then calls out another number and the

teacher cails out another corresponding sumber and this continues
for four or five children e.g. we may get

Children’s numbers 3
‘Teacher’s numbers 5

8 15 19 vre mee ems

10 17 21

The teacher now asks “What is my rule 7° and the children
have no difficulty in saying that his rule is addition of 2 o the

child’s pumber.

If a child calls out x, he calls out x+2.

The teacher can now follow a large number of rules e.g.

x - x+5
x - x—1
x = 2x-41

3x—-2
x2
x2H1
x2—1
X3
x x24x

and in each case the children have to guess his rule.

After this, each child makes a rule and other children guess it.
If the rule is x—~x—1 and some child says O, the teacher can give
the answer *—17 if the children know negative integers, otherwise
he simply asks the child to give another bigger number.

VIR TR

Experiment 215. What is my Machine ?
Next a child calls cut pairs of numbers and the teacher gives out
corresponding number and the children guess the rule e.g.
Children’s pair of numbers 3,4 3,5 4,6 5.7 8,9
Teacher’s numbers 7 8 10 12 17
Children easily see that the teacher’s rule is “Add the numbers
given by the child”.
In this case if a child calls out (x,y), the teacher calls out
In the same manner the teacher can follow the rules :

X4y,
Child’s pair of numbers Teacher’s number
(x, ¥ - x+y
(x, ) - xxy
(x, —- | x—y | (i.e. difference of x and y)
(x, ») — . x-—-y (if the children know negative
integers)
{x, y) - x =y (if the children know fractions)
(x, ») - x+2y
(x, ») - y4+2x
(x, ) - xi4-vE
(x, %) - (—yF

......................................

In each case the children guess the rule.
makes his own rule and others guess the rule.

This game is called “What is my machine ?” If the
teacher has chosen x4y, the child says he is using the addition
machine, The other machines which the teacher can use are

Later each child



“‘multiplication machine”’, ‘‘subtraction machine”,
machine’®, “division machine”, ‘‘square
““squaring and summing machine”, ete.

“‘difference
of difference machine’,

Experiment 216. What are the two Machines ?
Next a child calls out a triplet of numbers and the teacher
gives the corresponding number. The rules which the teacher can

follow are.
{x, ¥, 2) - X-py+z
(x, », 2) - XX PXZ
(.X, Y, Z) i X+y—=z
(x, ». 2) - x—y+z
(x, », 2) - (xXp)+z
X, ¥ 2) - x+(rxa

Here the teacher is using, two machines in succession like
“addition-addition’, ‘multiplication-multiplication’, *additior-suttrac-
tion’ etc. Tt will be seen that in most cases, the order in which
machines are used i{s important.

Since two machines are used, it may not be sasy for the children
to guess the rule. It may be useful for the children to have first
practice in direct use of rules.

The object of the last three games is o give the children some
insight into the concepts of correspondence, mapping and functions
of one, two and three variables.

Experiment 217. Cross Number Game: Addition
Rows, Columns and Diagonals.
We are given four numbers,

along

a, b, ¢, d arranged in two rows (d+d + b-c
and two columns. The two rows are a b avb
added separately. Children may A .
be surprised to find at first that the * N

sum of the row-sums is always € d | cvd
equal to the sum of the column-

sums, but later they should be able a+c | b+d a+b

to understand why itisso. Children +c+d

can do a large number of numeri- +
cal examples of this type. In the semi-circles, we have written

sums of diagonal elements. The sum of these two diagonal sums also:-
comes out to be same as the sum of two row-sums or column-sums.

Experiment 218, Cross Numbers Gawe!: Multiplication
along Rows, Columns and Diagonals.
Here elements of each row are -

multiplied and then elements of ﬁx} X bxe
each column arg multiplied. The a b | axb
products of two row-products and X x
of two column-products and of two c 4 |exd
diagonal-products will again come
out to be cqual.

axb

daxc bxd e xd

x
Experiment 219, Cross Number Game : Subtraction along Rows-
and Columns, Addition along Diagonals.
Here we subtract second element of a row from the first and then
subtract the second row-sum from ood _ >

the first row-sum. We do the same
for columns. For diagonals we 0 b |a-b
first add diagonal elements and _ Py _
then subtract the diagonal sums. c \f d |c-d
We find the difference of row-
differences =difference of column- a-b
differences = difference of diagonal a-c |b-d) 4

1f the children do not know

sums.
negative integers, the numbers a, b, ¢. d sl.ould be carefully chosen.

Experiment 220, Cross Number Game : Division along Rows
and Columns and Multiplication aleng

Diagonals,
Here we replace — and + of (9 d = b ¢
last experiment by - and x. Ifthe a b jasb
hildren do not know fractions, & -
children do not know fractions, ¢ 4 |c=d
the rumbers have to be chosen
a+¢|bsd |99
carefully. be




Experiment 22]. Cross Number Game : Addition along
Rows and Subiraction along Columns and
Diagonals

Here we use addition along @ + : b-c
rows, subtraction along columns a ) b 6-b
and subtraction along diagonals. e d | ced ]
g+b
a-c | b-
-c-g
+

Experiment 222. Other Possible Cross Number Games,
We have four operations viz.
4+, =, X, =
and we can use these along"rows, along columns and along diagonals.

Along rows we can clioose the operation in 4 ways.

Along columns, we can choose the operation in 4 ways.

Along diagonals, we can choose the operation in 4 ways.

There are thus 64 possibilities, all of which are given below as
64 triplets.

The three members of the triplet give row, column and diagonal
operations respectively.  Let the children be encouraged to write all
the 64 triplets themselves in a svstematic way and then to find out
which are feasible and which are wot. The children can write first
those 16 triplets in which the row operation is addition, then thrse
16 trinlets in which the row nperation is subtraction, then those 16
triplets in which the row operation is multiplication and then finally
thev can write those 16 triplets in which the row operation is division.

Each set of 16 triplets will be divided into four subsets of four
each in which the column operation will be addition, subtraction,
multiplication and division.

(—+4) (++— (4 +x} (+++)
(+—+) (4-—=) (+=x) (+—=)
(+x+) (+x—) (4% x) (+x-=)
(+=+4) (++— {(++>) (+++)
(—++) (—+-) (=-—=x) (—==)
(~—+) (———) (——x) (——+)
(—x+) (—x—) (—xx) (—x=+)
(==} (=+—) (—+x) (—++)

{(x++) (X+-) (X+x) (% +=)
{(x—+) (X ——) (X~ x) (X —=)
{x x+) (X x--) (% X X) (X % =)
(x=+) (x=—) (X =+ x) (X+==)
(=+1+) (=—+— (+—+x) (=++)
(+—+) (=——) (=—3) (=)
(=x+) {(+x—) (=X %) (=x+)
(+++) (=== (+1+x) (=++)

Children have to find out as to which triplets are permissible.

Children may choose numbers and try out. If the pattern fails
in one case, they can write ‘No’.  1f however it succeeds, it may be
better to try for at least one more example befors writing “Yes’.

Those children who have learnt some algebra can cemplete the
table more easily and it will give them sufficient practice in algebraic
manipulatiors.

Experiment 223. Garae of Clues

() Suppose the teacher says he is thinking of a partition of
some nnmber. This gives the child some clue of the type of problem,
but still there are an infinite number of possibilities op=n. The
teacher gives one more clue viz. that he is thinking of partition of
number 4. This gives substaatial information in that it reduces the
number of passibilities to just eight i.e. the teacher could have been
thinking of 4or 3+1 or 2-+20r 14+30r2-141 or 14241 orF
14+14+20r 11141, TIfthe teacher gives one more clue viz. that
he is thinking of a partition into 3 parts, it gives some additional
information since it reduces the number of possibilities to 3 viz.
24141, 14241, 14142, If he now gives another clue viz. heis
thinking of a partition starting with 1, it reduces the number of
possibilities to two viz. 14+2+1 and 14142 and if he finally says
he is thinking of ths partition ending with 2, there is only one
possibility left viz. 1.-1+2. At each stage we are getting additional
information. This information can be measured and the subject
which discusses this measurement of information is called theory of
information, but we shall not discuss it here. However if the teacher
had said that he was thinking of a partition of an even number, it
would have given less information than was given by the second clue
above. If his third clue had been that the number of compenents
was not more than four, it would have given no information, as the



number of possibilities would have still remained eight. The teacher
can encourage the children to ask for clues e.g. he can say “I am
thinking of a partition of number 5. Now you should ask the
smallest number of questions in order to know the partition.”

(/v Try cimilar auestions e.g. “Think of 2 number.”, #Is it even
or odd 7 s it prime o not 77, “Is it less than hundred or not ¥

(iiiv  There are twelve coing, one of which is defective and
heavier than other.  We have to get this information in as few weigh-
ings as possible with an equal arms balance. We put four coins in
each pan. One weighing will reduce the possibilities from 12 to0 4.
We now put one coin in each pan and weigh. This will reduce the
possibilities to one or two. If it reduces to two, one more weighing
will be pecessary. Let the children now argue similarly the cases for
15 coins, 21 coins and so on. '

(v} Similarly if the teacher says “I am thinking of a word,
now you start asking questions’’. The children can ask “How many
letters has it 7 What is the first letter, what is the second letter
and so on ?” At each stage the question asked should be such as to
reduce the number of possibilities as much as possible.

Experiment 224. Story-Telling Games

Story problems or ‘word problems’ are usually a source of
trouble to the children. They canstitute a test of a child’s reading
and understanding abifity as much as of his mathematical ability.
This activity is meant to relate the abstractions of mathematics to
the probiems of the real world.

Instead of giving the children word problems, it may be useful
to ask them to simuitaneously invent stories to fit arithmetic problems
e.g., for

25—-18=7
the children may give the stories.

(i) T had to go 25 yards, 1 have gone 18 yards ; 1 have still to

go 7 yards.

(if} I have two brothers 25 and 18 years of age. My elder

brother is 7 years older than the younger one.

(#) I deposited Rs. 25 in the bank, I have withdrawn Rs. 18,
then Rs. 7 remain in my account.

Similarly for
4x5=20
the children may give the stories :
(i) Five groups of four ducks each give twenty ducks.
(i5) T got four marks in each of five questions, T got 20 marks.
(iii} The father gave five rupees to each of his four sons. He
gave twenty rupees.
For
4x54+3=23
the children may give stories of the type:

(i) I bought 4 balloons of five paise each and one toy elephant
cf three paise ; T spent twenty-three paise in all.

(ii) The teacher divided the children into five groups of 4 each
and three boyvs were left out. The total number of childrer
was twenty-three.

For

20-4=5
the children may give a story of the typza:
The teacher divided twenty children into groups of four each.
Five groups were formed.
This activity of telling stories can be quite popular with the
children. The teacher can give hints where necessary.

Experiment 225, The game of fewest questions.

This is quite popular with the children, strengthens their num-
ber concepts, cxpands their vocabulary and develops’ powers of
reasoning. _—

We ilfustrate it below :

(/) T am thinking of one of these for shapes. Ask questions to
find which one is it. A child 1
may ask three questions viz. | VAN
Is it a large square? Jsita ~—— ——=————~——~
small triangle 7 Isita large /_’E 1
triangle 7 But it is obvious
that he can get the answer in two questions and the
children can be asked to find many such pairs, e.g.,
(@) Is it above the line 7 Is it a square? (b} 1s il above
the line ? Is it large 7 (¢) Is it small ? Ts it a triangle ? ete.
(/Y T am thinking of the numbers upte 16. Now ask mini-
mum number of questions to find which number 1 am
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thinking? One child may ask : Isit 1?2 Isit2? Isit3?
......... If he is unlucky, he may have to ask fifteen ques-
tiens. If he is Jucky, one question may do. However we
want the minimum number of questions to ensure that the
child knows the answer e.g. the guestion may be :
Isitevenorodd? Isit << 87 s it < 47 (or, Is it < 12)

Experiments: 226 to 236

One more question will be necessary. Experiment 226. Free-Play Activities.
At every stage the number of possibilities is reduced by We have ten rods viz., white (W), red (R), green (G), purpte (P),
half. yellow (Y), dark green (D), black (K), brown (N), blue{U), and

orange (O) of lengths 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 units respectively.
First children may build letters of the alphabet, houses, trains, fioors,

symbols, gardens, towers, etc. e g,
ANNIENN = i
u [ \r

= L

JV

(iif) The children may find cach other’s year of birth.or month
of birth or date of birth by asking minimum number of
questions. This game is quite similar to game of clues and
is connected with information theory.
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Symmetri- ‘n some of the patterns may be noied.

©
=

Experiment 227. Some Properties of Rods.

The children may be helped to discover the following facts. All
rods are rectangular, all rods of same cclour are equal in fength, ten
different colours are used for rods, while rod 1s shortest, crange rod
is longest, green rod is shorter than dark green rod, each rod has 6
faces, 8 vertices and 12 edges, white rods are cubes, other rods are
cuboids, vertical structures constructed with small rods are more
stable than those coustructed with larger rods, trains of rods can be
constructed by placing the rods end to end, the positions of Tods in a
train can be changed without changing the length of the train, some
trains are equal in length to other trains. all trains are not of equal
length, all rods are multiples of white rods, some rods {red, purple,
dark green, brown and orangs) are multiples of red rod, some rods
(light green, dark greer and blue) are multiples of light green rod,
some rods (purple and brown) are multiples of purple red, some rods
(yeltow and orange) are multiples of vellow rod, floor of rods can be
formed by placing rods side by side, rods of same colour can be used to
construct cubes, rods of different colours can be used to make staircases.

Experiment 228. Addition and Subtraction Facts.

There are 45 addition and 45 subtraction facts for numbers 1
t0 10.  All these can be illustrated with the rods :

Rod Arrangement Addition Fact Subtraction Fact
@ l1+1=2 2—-1=1
:w 241 =3 3i—1=2
wlm 1-+2=3 3—2=1
Flw 34+1=4 4—-1=3
:In 1+3=14 4—3=1
T 242 —4 4—2=2

[

PV oy 441=5 5—1=4
) 3+2=5 §—2=3
]
» 243=S5 §—3=2
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6—1=23
6— 2 =4
6 —3 =23
6 — 4 =2
b — 5=
7T~-1=68
7 —-2=23
7T—3=24
7 -4 =13
7 -5=2
7 —6=1
8§ —1=17
§—2 =46
8§ -3 =235
§—4=4
8 — §==3
8 —6=2
8§ —7=1
9—1=28
g —2=17
¢ —2=6
9—4-=75
g~ 5=4
9 —§=3
9 — T2
9~ 8 =1
10 —1=9
10 —2 =8
10 —3 =17
10—4=206
10— 5=35
10 — 6 == 4
10 —7=3
W —8=2
10 — 9 =1

With the help of the rods, the children can iHustrate the com-
mutative law for addition.

s | w TIR

R] & R

They can also illustrate the associative law for addition.

Experiment 229. Partitions with Cuisenaire Rods.

As shown in experiment 228, all partitions of number upto tem
into non-zero addends can be expressed through Cuisenaire rods e.g.

Y
P W
@ | R
R[] &
w[ P
G wa
w G [
wiwl &
B| R Jw
2 jw R
wir| R
A [wlw|w
wl r jwlw
wowl R W
wiwlw]| R
w iw|wiwlw

Similarly we may express the partitions of '}t to 20 in terms

of 2 addends only as follows :
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1+10
3+ 8
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2--10
4.+ 8

6+ 6

3+10
5+ 8
T+ 6

410
6+ 8

5+10
7+ 8

6410

942
744

943
743

249
40

3+9
547

Ln
-+
p)

749

— CHN— — 10+ 7 7+ 10
" 9+ 8 84+ 9

— ) I N 10 4 8 8+ 10

F 1% I )

, y | v 94 9

R I R )

I 5 ] 10+ 9 9+ 10

{ e 1 ® ] 10+ 10

Experiment 230,

Tens and Units,

‘There are three boxes. The first box contains rods of all
lerizths  The second box contains only orange rods (called tens) and
the thivd box contains only white rods (called units).

The first child makes a train of length upto 50. The second
child puts as many orange rods below this train as possible. The third
child then completes the train with white rods.

2 _F 6 "1 o 13 7214

The fourth child records the result as follows :

Number of Number of

Train Orange Reds Whire Rods Sum
(Tensy {Lnirs)
SRR P W | 2 1 21

B T arnene A

Children can form teams of four children cach and each {eam
zan carry out 2 dozen ot twe of such measarements,

Family of Differences Game with Cuise-
naire Rods.

Children have to place one rod over another so that the differ-
eace is a specified number.  Thus to get differenics 4, the child may
place a whiis rog over a veliow rod, a red rod ovee & dark green rod,
a green rod over a black rod, a purple rod over a brown rod, a
ycliow rod over a blue rod and dark green rod over an orange rod,
80 that

Experiipent 231,

dem3eel=6—2=T - 3228 — 49— 51U~ 6.



Similarly let the children find family of differences for 1, 2,3, 4,
5,6,7, 8and 5.

Experiment 232, Sum and Difference Game v-ith Cuisenaire
Rods.
Let 3 child choose two rods, make a train out of these and also
place these one above the other

rgj Il 3

f )

[ R ] 3
‘
and write the results as follows :
§-12=10, 8- 2=6; T+2=9, 7--2=5,

Let different children do different problems and speak out their
resulis which may be written on the board. After children have got
a lot of practice in these, give them the converse problems, e.g.

I:}‘FL\ =13 Dm/_\:l
L+A=s LJ=A =3
[1+A = L=/ =
L+ =2 [ ]1-/\ =3

In the last two cases, they do not get a solution. Why 7’ In the
earlier pattern, they had noticed that sum and difference of two num-

“bers are gither both even or odd. They may also notice that the

number in {7 is haif the sam and that in A is half the difference of
two given numbers.

The children may consider the game with one large and two
small rods, ez,

e
D+2 A Cl-2\ =2

Ovel s O- A <

Experiment 233, Facts Team Game with Cuisenaire Rods,
An orange rod may be covered by a red and a brown rod and
the children may read out the team of four Jacts viz.
8+2=10, 248=10, 10—8=2, 10—2=8§
Children may form their own teams of facts.

Ezperiment 234. Row and Column Cell Building Game with

Cuisenaire Rods.
Let. the children prepare the addition table and demonstrate the
results with corresponding heights of rods.

You can give them other addition tables and they will find it
inferesting to construct structures of rods.

Experiment 235. Factors with Cuisenaire Rods.
The children form the following patterns

= Pattern for 1 1x1=1 Factor of 1is1
("] Pattern for 2 1x2=2 Factors of 2are 1 and 2
(] 2% =2
& 1 P 3=
oo attern for 3 1% 3 _3 Factors of 3 are 1 and 3
3x1=3
. Pattern for 4 1x4=4 Factorsof 4arel,2 and 4
4x1=4
... Pattern for 5 ;iffg Factors of 5are 1 and 5.



-~ li 5 Pattern for 6 1x6= Factorsof 6 are 1, 2, 3
T+ = 2% 3= and 6
2T
o o e Ix2=

6X 1=

Pattern for 7

.3
[T e wlwfw]

[ Pattern for 8

Tx1=

Factors of 8 are 1, 2, 4
and &

X B=
£ ] Ixd=

3
vaF{w?w w?w {WR]W 4x2=
§xl=

6
5
6
6
1x7= 7 Factorsof 7 are 1 and7
7
8
8
8

— Pattern for ¢ 1 x9= Facters of 9 are 1, 3and
s 1. © 3 3IX3=9 9
[ wiwlwTw wlw]w Ixli= 9O

Pattern for 10 1x10=10 Factorsof {0 are 1,2, 5

I 2%5=10 ang 10
R]RIR!RR 5x2=10

The last pattern is interpreted as follows : 10 can be obtained
by considering one rod of length 10 or 2 rods of length 5 or 5 rods
of length 2 or 10 rods of length 1, The children can be encouraged
to continue the pattern further.

Children can classify numbers as follows :

Just one factor : 1
Just two factors : 1,3,5 17
More than 2 factors : 4,06, 8,9, 10

3 M

Numbers with just two factors are called prime, those with more
than two'factors are called composite. Number one is a special class
by itself.

Experiment 236. Multiplication Takles with Cuisenaire Rods.

Children may prepare all the multiplication tables with Cuise-
naire rods regarding multiplication as repeated addition. Thus to
prepare multiplication table of 5, they have to find 1x 5,2x5,3x5,
weeenss 10X 5 f.e. they have to form trains of one yellow rod, 2 yellow
rods, 3 yellow rods,...... , ten yellow rods and measure their lengths
with the help of orange and yellow (or white) rods. They can arrange

a staircase as follows

5 I1x5= 5
545 1 2X%5=10
54545 3%5=15
5+54+5+5 4% 5=20
5145454545 5%5=25
55454 545+5 5454545 [ 10% 5=50

After they have made the tables, they can form the following
model with orange and white rods only.

Let the children also do some division sums as illustrated
below : .

To find 203, they place two orange rods to make 20 and then
find how many vellow rods they can place alongside.

Alternatively they may take a train of twenty white rods andt
then go on removing five at a time and find the number of times they
have to remove.



Patterns on Flannel Board

|
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J Experiments: 237 to 250

Experiment 237. Construction and Use of a Flannel Board,

This is an effective powerful teaching aid and is known by
different names such as visual board, flick board, slap board, felt
board, coherograph, videograph or flannel graph. For the prepara-
tion of this board, we require three items viz. backing material,
covering material and fixing material. The backing material may be
Plywood, press board, masonite, wall board or heavy card board.
The covering material may be flannel, suede, corduroy or khadi in
any colour, though- dark green, black or grey are preferable. The

- fixing material may be rubber, cement, tape, staples, nails, thumb

tacks or drawing pins. The board may be in any convenient size or
shape. The cloth is to be stretched so that no wrinkles are left.

Children may be encouraged to make their own flannel boards
e.g. they may make these by covering with flannel or old blanket
pieces or even khadi the top of rectangular biscuit boxes, in which
they may keep their cut-outs.

Improvised flannel boards may be made by turning over a small

table and spreading a khadi table cover over it or even by spreading
a blanket over a vertical charpoy.

The figures or cut-outs may be made of any light weight and
flat material, only the fibres should interlock. Some of the materials
which are useful are : flannel, feit, balsa wood, steel wood, twill, blot-
ting paper, velvet, sand paper, suede, corduroy, cellophane, emery
paper etc.

The cut-outs may be in the form of animals, fruits, vegetables,
trees, symbols, numbers, letters, words, geometrical figures ete.

The colourful cut-outs help in quickening the learning process,
since children enjoy these and these create a visual impact on them,
It helps to create situations involving motion. Beautiful patterns
can be cut out once for all and vsed again and again.

Almost all the experinents in this book and in the preceding
volume can be illustrated on the flannel board and it will be useful
to give the children flannel or khadi or sand paper or even ordinary
paper and a pair of scissors and let them try to illustrate all the ideas
on their own small flanne! boards.

Experiment 238. Cuaisenaire Rods and Flannel Board.

Instead of rods, the children can be given sets of pieces of
flannel of lengths 1, 2, 3,4, 5, 6,7, 8,9, 10 in the same colours as
the Cuisenaire rods and they can have same free play activities, form
trains, learn all addition, subtraction, multiplication and division
facts, illustrate commutative and associative laws, study partitions,
study tens and units, play games, form staircases as in experiments in
chapter thirteen.

Experiment 239. The Hundred Chart.

The hundred numbers may be printed or 10 flannel strips each
coniaining 10 circles and these strips may be spread one after the
other to give the complete hundred chart.

Different children may be called to the board and asked to
place red circulat cut-outs :

(£} On all multiples of 2, all muitiples of 3, all multiples of 4,
-.....all multiples of 10, all multipies of 11 etc.

(/7y On alt prime numbers.

{fii) On all square numbers.

(iv} On all perfect cubes.

(v} On square numbers which are double or three times or
four times of some other square numbers, whenever these
exist.

They may also note the emerging patterns in all cases.



Experiment 240, Place Value,

We use flannel discs of different colours, one colour (say red)
representing hundreds, a second colour (say blue) representing tens
and a third (say white) representing units. The children may repre-
sent numbers like 342, 302, 320 with the help of these discs. They
may alse exchange one red disc for ten blue ores and one blue one
for 10 white ones and may learn carrying over and borrowing for
additicn and subfraction respectively.

Experiment 24l. Fundamental Operations,

A flannel tree may be put on the board. Some birds may be
placed on it and some more may be shown joining them to give the
concept of addition. For subtraction, some fruits may be shown
growing on the tree and some of these may be shown to have fallen
down. For multiplication, equal groups of birds or animals may be
shown to be coming together. For division, a big group may be shown
breaking up into smaller groups of equal size. The commutative law
for addition can be illustrated by first placing three apples on the
board and then two next or by placing two apples on the board first
and then placing three apples next. The associative law for addition
can be illustrated by showing three groups of 4, 3, 2 birds on the
board and first bringing the second group near to first to get 7 and
then bringing the last group near the first two to get 9 and secondly
bringing the last two groups together first to get 5 and then bringing
this combined group near to the first to get 9. The commutative law
for multiplication can be illustrated by bringing two groups of three
birds together and then bringing three groups of two birds together.
The distributive law may be illustrated with such diagrams as,

0000[00 0000 00
0000(00 0000 00
0000(00 0000 00

showing 3x6=3x44+3x2,
Distributive law for division over addition can be illustrated by

Similar figures may be used fo show that commutative and
associative laws do not hold fer subtraction and division.

Experiment 242. Flannel Clocks.

A flannel clock is a circular piece of flanne! cloth on which
numbers 1 to 12 are printed as in ordinary clock dials and in addi-
tion two meving hands are provided.

4K

2

"
.Y
7 ¢ &
The children can be taught to read time with this clock. Differ-

ent clocks can be put on. the board to show the times in different
parts of the world at one given time.

Flannel clocks of the following types can be used to teach
finite arithmetic or clock arithmetic.

Similar clocks can be used to teach fractions and angles.

Experiment 243, Fractions,

Circular or rectangular pieces of flannel may be taken and by
folding, the concept of %, 1, &, v% etc. may be illustrated.

We may use cut-outs of the following shapes to show that :

l1_.2__3 4 _ 5 6
= A =GB L L Geecereensnen

showing

000000000 0000 000 00
000000000 0000 000 60
0000000 0000 0ou 00
000000000 0000 000 00
00000000 d000 000 00
008000000 0000 010 00

24 8
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and then introduce the important idea of equivalent fractions.



We may use cut-outs of the following shapss to itlustrate §, §, &,

etc.
YELLOW | RED
ﬁ% YELLOW WHITE
WW GREEN BLUE
é@ GREEN GREEN

We may use cut-outs of the following shape to show that
34.2..5 5_2_.3
f4+i=dand f—5=%

and to show that to add or sabtract fractions with same deno-

minatoer, we add or subtract T
numarators

Similarly to find $+%or
41, we take three equal rect-
angelac cut-outs and  divide
each into six equal parts. We
take half of the first (j.e. take

e e o e =
e e =

three parts out of six), one-third
from the second {i.e. take two paris out of six) and piace them side
by side or superpose them to show that

b=t i-i=
Experiment 244. Recognition of Coins, Namerals etc.

A flannel graph set showing shapes of all current coins, currency
notes ete. can be made and these can be used {o simulate buying and
selling situations.

Another flanonel graph set may show some important foreign
coins and their comparafive values as against Indian coins.

Another flannel graph set may show Roman, Greek, Egyptian
and Hindu-Arabic numerals and children may be asked to match
these on the board

Experiment 245, Mathematical Vocahulary.

Two boxes are given to the children. One contains mathematical
terms and the other contains illustrations of these. The children are
required to match these. They first put these in first and third
columns of the flannel board and then take out pieces from the third
column and place these in the second column in the proper places.

L

Commuiative Jaw for addition

Commnutative law for multiplication Ax(34+D=4x34+4x2

Associative law for addition 1=t=d=}
Associative law.for muitiplication NS
Distributive law 344=43

Rectangle 4,9, 16, 25,36, 49, 64,......
Hexagon 1/ \“

N
Octagon 3 x 5=58%x13

Equivalent fractions 2,3,57,11,13,17, 19, 23,...

Prime numbers (2433 4-4=2+(34+4)

Square numbers 1,3,6,10,15 21,.....

Triangular numbers 2% 3)K4=2x{Ix4)

Experiment 246. Recogaitica of Geometrical Shapes.
A large number of three-sided, four-sided, five-sided, six-sided,
seven-sided, eight-sided flannel cut-outs may be flicked on the board.
Children may be given one triangular piece and they may be asked
to choose all similar shapes on the board. Most probably they
would choose triangufar pieces. In this way children may learn that
pumber of sides may be an important factor for classification.

Children may alse distinguish between regular and non-reguiar
polygons, between convex and non-conves polygons eto.

Quadrilaterals of different shapes may be put on the table and
let the children Jearn to classify themy into rectangles, squares, rhom-
buses, trapezia, kites etc:



Experiment 747. Demonstration of Geometrical Results.
Area of a Circular Region.

By just folding of flanne] cut-outs on the board, results like the
following can be demonstrated :

A parahelogram is divided into two equal halves by a diagonal,
the opposite sides of paralielogram are equal, every diameter bisects
a circle. radius of a circle is one-half the diameter, opposite angles of
a parailelogram are equal, the line joining the
middle points of the sides of a triangle 15 ope half
the base,

A eircular piese may be cut inte 3 number of
equal sections. These pieces mayv be later fitted s
into the circular region »s well as nto a rectangular

NN/

ANV ’
|
Area of a circular region = half the circumference x radius,

A
RN

s

/)

and let the childeen deduce that

Experiment 248, Tessellations.

Experiments on tessellations can be easily done on a flannet
board e.g. children be given equal triangular pieces or equal quadri-
lateral pieces or equal hexagonal pieces and may be asked o cover
the flannel boards with these. They may also see that they cannot
cover up the board with regalar pentagonal pieces or with equal

circular pieces.

They may be given equilateral triangular pieces of the same size
and be asked to make equijateral
triangular regions of large size.
They require 4,9, 16,.....pieces
and construet triangular regions of
double, triple, four times the size

ANEEWAYAN
: JANIVAYANIVAVAYVAN
ete.  Similar experiments can be

dope with squares, parallelograms, trapezia etc.

Experiment 249, Dissectien Prol e,

Children may take goy §
sumber ¢f pieces, mis thies
reassemble these to got the
a nev shape e.g. they may
ing 7 pieces to get the rquars

They may be asked tore

s, Lk b inte ARy % Ry
o than to -’

shape or oven ; P N
serevie the Tollow- j/

cmble the dissectad

Similarly they may be asked 2 show that the foliowing dissect-
ad parts may be reassembied to get u lavger square,

&N

-
|

5
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I
v
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These dissections may be used to find the
side of new hexagon or of new squares.  Dissec-
tions may alse he used to show that the areas
of two figures are egual, even though the two
figures may look different.

Experiment 250, Verification of Pythagoras Theorem by
Disssction.
{a} Take a right angled triungle and
draw squares on all the three sides.
Find the centre of the larger of the 4
two sides by finding the poiat of
intersection of diagonais, Through 3 \
this centre draw one lize parallel
to the diagonal and ose line per- \ 3 A
pendizular to ke diagosal. The 2%
children cagr then show by actually 5 Y
placing the square 1 and the four
picces 2, 3, ¢, S to fit exactly the square on the diagonal,




(&)

{e)

Draw a line perpendicular to the
diagonal in the smaller square and
a line parallel and perpendicular
due to diagonal in the square on
the bigger side. These five picces
should fit exactly the square cn
the diagonal.

Place five congruent right-angled triangles inside a square
{each cdge of which is the sum of the two sides of the right-
angled triangles) in twe different ways as shawn below :

e |

and let the children see how this again verifies Pythagoras
theorem,

15 Patterns with Lattices

|
‘ Experiments: 251 to 262

Experiment 251. Additive and Subtractive Lattices.

Start with any number, say | ;. add a given number say 2, when
moving towards the right and subtract the same number when moving
towards the left. Add a given number, say 3, when going upwards
and subtract the same number when going down.

These steps can be repeated indefinitely, to give

12 14 16 18 .20 22 24 ..

9 11 13 15 17 19 21 ..

6 g 10 12 14 16 18 ...

3 5 7 9 11 13 15

0 2 4 6 8 10 12
-3 —1 1 3 5 7 9
-6 — 4 _2 0 2 4 6
-9 —7 -5 _3 _i 1 3
—12 —-160 —8 —6 —4 =2 0



This lattice may be denoted by (Iti, ++3), 1fis the same as

@3, :—’, { —3), but it is different from (2, j,"-f +3). There are essen-

- tially two different lattices with rules i:, t +3. How many different
lattices are theré with ruies +—:, 4 -2 7 The number of different lattices
with rules :-a, + +b is obviously the smallec of the natural numbers
e and b. How many different lattices are there with rules +—2>, 4 =37

- a
How many different lattices are there with rule —, 45, where 2 and
bare integers 7 The number of latuices is the smallerof {a |, [ & ] .

Children will get a lot of practice in addition and subtraction with
such lattices.

In the above lattice, we write | =3, 1} =4, 1 7 =6, le-=—1,
1} ==2, 1w =—4. We have thus 6 functions defined. - means
‘add 2’, <~ means subtract 2, # means add 5, ~ means subtract 5
and so on.
I+t 7=34% A=6=I].

These are examples of functions of functions. It is obvious that
the order of the operations is immaterial. We verify

A4 =6—> 1+ =84=1L
Children may find it interesting to compute expansions like
S5t Alew t—.
They may note that -, < ; 4+, | ; ., v cancel each other, that ~
I equivalent to -» 4, « is equivalent to < } and so on. They may
calculate how many steps are to be moved towards the right, how
~many are to be moved towards the left, how many are to be moved

uwpwards and how many are to be moved downwards etc. and then
they can find easily the image or map of any number.

Experiment 252. Multiplication and Division Lattices.
a
Here — may mean multiply by # and 1 5 may mean multiply

a
by b, then < means divide by a, | » means divide by b and 4 and &
ean be any non-zero natural numbers. What do we get if we start

x8
with 0? On the next page we give the lattices 1, —», 4 %3,

o
—
[r]
—
00 s
—
[r -]
—

gl el 8L ol 2592 ...
Z T 4 3 81 162 324 648 1296
27 27 27 27 :
- 5§ 4 3 27 54 108 216 432 864
9 9 9 g
% T 7 3 9 18 36 72 144 288
33 3 3
&% 73 3 6 12 24 4 9 .
1 1 1 1
']—6“5‘-1—7124815 32 .
L1111 2 4 8 16 3
48R 724126 3 03I 3 0% 3 3
111 1.1 2 4 8 16 20
144 73 36 18 9 9 9 9 9 9
o111t 2 4 g 16 32
432 716 108 54 27 27 27 271 37 77

.

Since in these lattices, we are considering all rational numbers,
*2

Xa
even with —, t x3, we can get an infinity of lattices. -»,
t > b gives the same result as ~ax b.

The children will get a great deal of practice of multiplication
and division by forming such lattices. Again here (—, <), (1, }),
{7, «)cancel out in pairs and the resuit of a number of successive
operations can be easily found e.g. in the above table
=6 > { =12 4 = 36,

Alternatively #— 4 means 2 steps towards the right (multiply
by 4) and 2 steps upwards (multiply by 9).

All numbers in the above lattice will be of the form 2m x 3,
where m, n are positive or negative integers or zero. Conversely no
number which is not of this form can occur in the lattice. Given
any number in the lattice we can find where it is, for we shall express
it in the form 1x2»x 3" and then starting with 1, we shall move
m steps towards the right or left according as m is positive or negative
and r steps upwards or downwards according as n is positive or
negative. The shortest distance to this point will be of |m]+|n] steps.

17—



2
- Inthe lattice 1, —, 4 X4, all numbers are of the form 2m x4
or of the form 27+, The children may like to find the lengths of
the shortest paths to this point for different values of m and n.

Experiment 253. Possibilities of Other Lattices.

b
Let us try to form a lattice a, L, 4 xe
In this case a-» 1 ={(a+b)% =(a+b) xc
and at —»>=ac— =ac+b.
These two will in general be different unless c=1.
case, however

In this

t x1=1%+0,
so that both motions towards the right and upwards are additive.
The lattice where — is additive (multiplicative) and ¢ is multiplicative
{additive) do not exist. Children can reach this conctusion after
trying more numerical examples.

Expei'i;nent 254. Three-Dimensional Lattices.

a

In this case d, -:, 1 +b, ~»-+c¢ will mean that the J will
have the image d+ ma 4 nb+-pc after m steps in one direction, 7 steps
in a perpendicular direction and p steps in a direction perpendicular
1o these two directions, Lattices where all the three operations are
additive (i.e. consist in addition of positive or negative integers) or
multiplicative (f.e. consists of muliiplication by positive or negative
numbers) are possible. However, lattices where some operations are
additive and others are multiplicative are not possible. The children
can easily see this result by working out a few special cases.

Experiment 255.
Consider the lattice,

Non-Rectangular Lattices.

13

14

11 2

7 8 9 10
4 5 6

2 3

1

15

The problem may be to find where does the number 10,000 lie

in this lattice.

by the triangular numbers 1, 3, 6, 10, 15,

The children may note that the diagonal is formed

which are the sums

of the first one, two, three, four, five...... natural numbers so that

the Jast number of the nthrow is n ("—-21-_1)

Put " ("%1)=10,000

or n(n+1)=20,000

n and n+1 are nearly equal whenn is large. Therefore n is

approximately 141, since

141 x 142

5 =10,011

This is the last number of the 14Ist row, but the row has 141
elements. 1f we count from the end, 10,000 will be 1welfth aumber
and from the beginning it wili be 130th number. Thus 10,000 is
130th pumber of 141st row.

A more difficult problem occurs in the case of lattices of odd
or even numbers only viz.

22 24 26 28 30 .
14 16 18 20 21 23 25 271 29
g 10 12 13 15 17 1%
4 6 or 7 9 11
2 ' 5

In the first case, the last number of nth row is given by n(n-+1)
and in the second case the last number of mth row is given by

nn+-1)—1.

If we want 10,000 in the first case, we get
7 (n41)=10,000

Trying n=100, we get n(r+1)=10100, which shows that
10,000 is the first number of the 100th row. We can proceed
similarly in the second case. Children may like to investigate other
lattices of the same type.



Experiment 256. Loci on Laitices.

Consider a square g2rid, say |
on a graph paper. Take any inter-
section O as a fixed point. From
this we can move any number of ;
steps towards the right or left,” up L g
or down. Let the children find the 4 ; =
points, the horizontal distance of : b
each of which from O is 3 steps and
vertical distance is 2 steps.

T

Xn

Let the children now find all 3
points on the lattice whose sum of fo ’%‘
horizontal and vertical distances xr
from Qis 5. These points are shown in the figire by crosses. These
lie on four straight line segments.

Similarly those points whose sum of harizontal and vertical
distances is 4 are shown by circles, They also lie on four hne
segments. Those whose horizonial and vertical distances are equal ate
shown by A’s. They all lie on two straight lines,

The children may like to find the following points and the
straight lines or curves connecting them

(1) all those points whose horizontal distance from O is 2
(vertical distance may be anything)
(i) all those points whose vertical distance from O is 3
(horizontal distance may be anything)
(ii) a1l those points whose horizontal distance is double of the
vertical distance.
(iv) all those points whose vertical distance is double of the
horizontal distance. :
{v) all those points for which the difference between horizontal
and vertical distances is 1.
(vi) all those points the sum of squares of whose horizontal
and vertical distances is 25
(vif) all those points for which squares of vertical distances are
equal to vertical distances,
(viii) all those points for which squares of vertical distances are
equal to horizontal distances. '

The children can specify any relation between horizontal and
vertical distances and find the corresponding points.

Experiment 257. Introducing Co-ordinates,

The position of any point on the grid is known if we know its
horizontal and vertical distances from 0 and we kunow further
whether the horizontal distance is towards the right or left and
whether the vertical distance is upwards or. downwards. The
horizontal distances towards the right are considered positive, those
towards the left are comsidered negative. Similarly the vertical
distances upwards are considered positive and those downwards are
considered as negative. The point P is denoted by (3, 2) showing
that it is 3 horizontal steps towards the right and 2 vertical steps
upwards. Similarly the point denoted by (-3, —2)is 3 horizontad
steps towards the left and 2 vertical steps downwards.

We shall donote the horizontal coordinate by x and the
horizontal distance by | x|. The horizontal coordinate may be
positive or negative, but the horizontal distance is always positive.
Similarly we shall denote the vertical coordinate by -y and the-
vertical distance by | ¥ | . .

The above loci are then represented by the equations

x|+ [y]=5
Px|+ ]yl =4
fx|=1y]|
x| =2
|y =3
[x|=2]y]|
[y1=2]x]|
[x1~]y[=1
x4 | y|1=25
| x B=| y]|
1y F=x|

Experiment 258. Other Loci on Lattices.

We are considering points with integral coordinates only.
| x| 4 | ¥ | =5 is satisfied by :
(0,5), (1, 4, (2,353, 2),(4 1), (5,015 (4, —=1), 3, =2), (2, =I)s
{1, —4), (0, —5}); .
(_19 "‘4): (—2: '—3): ("3: _2)a (—4n "‘l)a (51 O) ; (_'4: 1): (_"3’ 2)-
(=2, (-1 4).



How many points satisfy x+y=51
The children may now try to draw the loci x+y=3, x—y=35, x=3,
x=2, y=3, x=2y, y=2x, x-—y=1, ¥¥43=25, xte=y, pt=x and
compare these with what they got in the last section. The frst8
loci are straight lines, the ninth is a circle and tenth and eleventh
are called parabolas.

Experimeat 259, Ellipses with Integral Co.Qrdinates,

Those teachers who want their children to draw ellipses, while
they can use integral coordinates only, will find the following
example useful |

x24-3y7 =4 (g% f-ab+bY)

1t is satisfied by the foliowing 12 points :

{la—b}, bf{a+B), {L(2b+a), Lta} {+(2a+b), Lt}

Here a and b are any positive integers whatsoever. Thus a=1, b=2
gives x* -+ 3 =28 which is satisfied by
(19 1): ("']5 _3)1 (ll ““‘“3)» (_l+ 3), (53 1)9 (55 "'"'_-Us (Wss 1):

(‘""5; ~'-'i)., (4- 2)- {49 _2)9 (——‘i, 2)! {“dv #2}
Simitarly the following 12 points lic on ellipse
xF—xyLyt=a’+ab+ bt
(g, —b), (—a, &), (b, —a). {(—b, —a), (a+&, B} (=5, —& —a),
b, b—a), (—b—a, —b), {a+b, a), (—a—b, —a), (a, a+b),
{—a, —a—b).
The children can draw a large number of ellipses by choosing
different positive integral vaiues, for 2 and &.

Experiment 260. Shortest Paths on Lattices,

Let the children find the possible paths between a fixed point
O and any point P with coordinates x, y and find their lengths i.e.
total number of steps to go from O to P.

In the figure below we show some paths from O to P (2, 3). We
indicate the paths and give their lengths in brackets.

M

L
| J K
F {E D
8 iC

o | |T 1=z

OQAEBEJP (5), OAFEIP (5), OGFEJP (5)

OGFIIP {5), OABEFIIP (7}, OAFEJIMP {7},

OABCDEJKLP (9)

Can they get a path shorter than 3 ?

Can they get a path of lepgth 6 or 8 7

How many different paths of length 5 can they find ?

Do all paths Iying in the rectangle OBPN give the shoriest
length 7 Can they show that the shortest path to (¥, y) has length

| %]+ {»] ? Canthey find paths of length | x| + [ yi+1 or

of Ix|+ Iyl +3orof [x]+|yl-tn where n is an odd
number ?

Which are those points Tor which there is only one shortest
path ?

Which are those points for which there are only two shortest
paths ?

Which are those points for which there are only three shortest
paths ?

Experiment 261, Shortest Paths on Three-Dimensional Lattices.
A three-dimensional wire lattice of size 6 X 6 X6 or §x 8 x 8 can
be used to investigate problems similar to those given above. it
possible, each child may be given a wire lattice with 64 lattice points
and children may find shortest paths between oue fixed point and
other points of the lattice. Different paths may be shown by threads
of different colours. - It may be shown that the shortest length to
the point (x, y, 2)is | x 14 |y + }z| and that we cannet have
apathoflength | x|+ |'»| + | 2| 4 n, where nis odd.

The children may also point /
out all points for which ’

ix]+ iyt +iz]=3
or fxb+iyi+lzl<3
or jx P4 | yP=25




Experiment 262. Guessing the Patiern on Lattices,

Consider the following lattice.
the pattern.

N T R R R

- MDY L S0 B

ORI G ON G B ) 00—

— O e SN LR DN e DR e

R N P N N

Let the children try to guess

— D ON th ChOR e

OB ON LA R ] QO e

The first column gives all the numbers 1 to 9. The second
The remaining succes-
sive columns give the unit digits of their cubes,

column gives the unit digits of their squares.

powers etc,

{#}y first, fifth, ninth, thirteenth

{i#} second, sixth, tenth, fourieenth ......
have the same unit digit,

seventh, eleventh, fifteenth ......
number have the same unit digit.

{iii) third,

the same unit digit.

(i) fourth, eighth,

The pattern shows that

fourth powers, fifth

,,,,,, powess of any number have

powers of any number

powers of any

twelfth and sixteenth ...... powers of any
pumber have the same unit digit.

The children can answer questions like the following :

What is the unit digit in 9100, 7356, 589 3425 o4c  Apain consider
the lattice

L=~ - R L I

=B L S Jan I R e

on b 00 g O R 00 s

[N« = JR e BB 3 B S 0~

S 00 b N D 00 N

G B D B BN
MBI oo b S NN 0D b

......

Successive columns give the unit digits of the numbers obtained by
successively doubling umbers in the first column. The pattern that
emerges is given by the following diagram :

71' 5
AN
2\6 ‘/a —9 Yo

T

3

The last figure shows that in doubling 5, we get uait digit 0 and then
in successive doubling 0 continues as 0.

Similarly in successive multiplying by 3,4,5,6,7,8,9 the
children get the patterns :

Trebling : A
AN N >
/ \ ° \5)
Multiplying by 4:

/\4 ;
\/ &

Multiplying by 5 :

w

9 J) 38—t O)=—=

| |



Multiplying by 6 :

b

Y9

7 r
2 Y
Multiplying by 7 :

9

A P
N 6\,\/“ 9 1)

Maultiplying by 8 :

-—0

M

7—-»6<;>4+_3 10

[
Multiplying by 9 :

i 2 3 4
1] t[ 1] tl ORU)
9 18 17 18
Tl?e children may compare the patterns for
{fy Multiplying by 3 and 7
{fi) Multiplying by 2 and 8
(iif} Multiplying by 2, 3 and 6.

Patterns in Additive and
16 | Multiplicative Group Structures

Experiments : 263 to 272

Experiment 263. Patterns in addition of columus.

Write all natural pumbers in five columns as foliows :

A B C D E

1 2 3 4 5

6 7 8 9 10
11 12 13 4 15
16 17 18 19 20
21 22 23 24 25

Let us call these columns as A, B, C, D, E. Let the childria
add any number in column A to any number in column B. To which .
column does the sum belong? Whatever numbers children choose

from columns A and B, the sum always belongs to column C. We
express this by writing :
A+B=C



Similarly any two columns can be added and the sum is always
some column,

The addition table for columns comes out to be

A B C D E

"
!
|
|

MDO‘?}
Pliviel-]
oty
OwWprmo
Utwprw
v ol

Let the children note the following patterns :

{i} The sum of any two columns is always a column Le., if

we choose one number from each of two columns, the sum
always belongs to the same column. We have a set of five
columns and the sum of any twe columns of thesetisa
column belonging to this set.  The set is said to be closed
with respect to the operation of addition of columns,

(i) Let the children find (A+B)}+Cand AHB+C). Do they

gxpect these to be equal? Remember we are adding
columps and not numbers.  Yet we find

(A+B)+C=C-+C=A
A+(B+C)=A+E=A

The children can choose any three columns, add second to
first and then add the third to the sum of the first two. Next
let them add the sum of third and second to the first. They
will always find these equal. The first choice can be any
one of the five columns, the second choice can be any one
of the five columns, the third choice can also be any one of
the five columns. Therecan be thus 125 triplets like AAA,
AAB, AAC, AAD, AAE, ABC, BCD, CDE, CBA, etc.
The children can verify the associative law for as many of
the triplets as they like or they may do this collectively.
Twenty-five pairs AA, AB, AC, AD, AE, BA, BB, BC, BD,
BE. CA,CB,CC, CD, CE, DA, DB, DC,DD, DE, EA,
EB, EC, ED, EE can be formed. By adding A, B, C, D, E
we can form five triplets from each pair. Fach child can
be given a pair and let him verify the associative law for
the five triplets which start with his pair.

ity

)

From the table, it appears that
A+E=E-+A=A
B+E=E+B=28
CH+E=E+C=C
D+E=E+D=D

The column E has therefore a special property. What is it ?
When it is added to any column or any celumn is added to
it, we get that celumn. This column E will be called the
additive identity. 1ts behaviour is the same as that of the
number 0 in the number system, Thus we find that ia our
set of five columns, there is a column E which is the addi-
tive identity.
In the system of integers there is a number 0 and for every
integer @ there is & number —a such that
a4+ {~a)=0=(—a)+a.

{—a) is called the additive iaverse of a.
In our set of columns, does every column have an additive
inverse i e., corresponding to any column, does there exist
another column such that the sum of the two columns is the
column E, which is the additive identity. We find :

A+D=E, B4+C=E, C4+B=E, D+ A=E, E+E=F,
so that A and D are additive inverses of each other, B and
C are additive inverses of each other and E is its own

"‘additive inverse.
() Finally it is easy to sce that the commutative law for addi~

tion holds viz.,

ALB=B4A, A4+C=C+A, A+D=D4A, ALE=E-LA,
B4+C=C+8B, B4-D=D+B, B+E=E-B, C+D=D\-C,
C+E=E+C, D4+E=E4+D

Let the children verify ali these.

Let the children take 4 or 6 or 7 columns as follows:

and v.rify in each case the five properties. given above,

B CD A BCDEF A BCDETFG.
2 3 4 123 456 1 23 4 5 6 7
6 7 8. 7 8 9iiti12 8 91041 12 13 14
1011 120r 13 34 1516 17 18 or 15 16 17 18 19 20 21
14 15 16 1920 21 23 23 24 2223 24 25 26 27 28
18 19 20 25 26 27 28 29 30 29 30 31 32 33 34 35



In the first case D acts as the additive identity, A and C are
additive inverses, and B is its own inverse. In the second case F acts.
as the additive identity, A and E, B and D and C and C are additively
inverse pairs, while in the third case G acts as the additive identity,
A and F, B and E and C and D are additively inverse pairs.

Experiment 264. Clock Arithmetic {Additive),

In this case we start with the numbers and proceed as above
and instead of indicating columns by A, B, C, D and E, we indicate
them by 0, 1, 2, 3 and 4.

G H 2 3 4

o 1L 2 3 4
5 6 7 B 9
10 1L 12 13 14
15 16 17 18 19

We may note that 0, £, 2, 3, 4 are not numbers but indicate
columns of numbers or, so we sometimes prefer to call them, classes
of numbers.

The addition table is as follows :

+ ' 0 ] 2 3 4
o010 i Z 3 4
1 { 2 3 4 0
2 } 2 3 4 0 i
3 3 4 0 1 2
4 4 0 i 2 3

We can again verify all the five properties above. 0 acts 4s the
additive identity, 1 and 4 are additive inverses and so are 2and 3. It
may also be noted that we will pet the same addition table f we
follow the rule :

Add two classes as if they were numbers ; if this sum is less
than 3, this gives the sum class, if it is 5 or more, subtract 5.

The same arithmetic is obtained from the following clock :

The children can find similar clock arithmetics for the following
clocks and verify rules similar to the one piven on the previous page;

Experiment 265. Additive Group Structure with Cuisenaire
Rods.

in each gf these above examples, we have a set of elemen ts, and
there is an opération defined there called addition such that

© (i} sum of any two elements of the set is an element of the set. -
{if)- associative law for addition holds.

(iif) there exists' an additive identity i.e. an element of Ihck set
which when added 1o any element of the set gives that ele-
ment of the set. :

{&) for every element there exists an additive inverse such that
t!le sum.of the element and the additive inver:c is the addi-
tive identity. ’ o

{v} the commutative law for addition holds.

A set of clements with an operation of addition satisfying the
above five properties is called a commutative additive group or an
Abelian additive group. (Abel was the name of a famous mathematician
who Jived in the years 1§02—1829 and in spite of death at a Yery
early age hie did very good work in mathematics ) 1M only the first four
properties are satisfied, we simply call it an addisive gro;}p.

Let the children verify the five properties explicitly in each

case and let them give examples of additive groups with 8 er 9or 10
elements.

They may tgke, the Cuisenaire rods, write numbers 1, i1, 21, 31,
41, 51 on the white rod, numbers 2,12, 32,42, 52, on the red rod



and so on and then form an addition table as follows :

+|WwWR G P Y D K N U O
W| 'R G P Y D KN U O W
R|'G P YD K N U O WR
G|lP Y DK NUOWR G
Pl Y DK ~NUOWR RGP
Y| D XK N U O WR G P Y
D|X N U O WUR G P Y D
K| N U OWR G P Y DK
NY{ U O WR G P Y D K N
vylo w R G P Y DK NU
Ol W R G P Y DEKNUO

W=White (1), R=Red {2), G=Green (3), P=Purple (4;,
Y="Yellow (5), D=Dark Green (6}, K=Black (7}, N=Brown (8),
U=B8lue (9), O==0range {10).

‘ Since three columns viz. black, brown and blue start -with same
Hetter B, we use their Jast letters K, Nand U to denote them. In
the last case we prefer U to E as it gives a sound nearer to biue.

Here O is the additive identity, and (W, U), (G, K). (P, D),
and (Y, Y) are additively inverse pairs.

Experiment 266. Additive Group of Integers.

The set {1, 2, 3,4, 5,.....: 1 is called the set of Natural Numbers
and is denoted by N, - '

The sct {0, 1, 2, 3, 4, 5,......} is called the set of whole numbers
and is denoted by W. - '

The 'Sﬂt{ ...... '—5, —4, —3, _2, '_1, O; 1: 2, 3! 4: 5, """ } iS'

called the set of integers and is denoted by L.

There is an addition operation defined in all these three sets.

Let the children sce whether all the five properties are satisfied.

. N W1
(i) Is the sum of two members of the Yes Yes Yes
set a member of the set ? -~ S ' ’
“(if) Does the associative law hold ? Yes Yes Yes-
{iif) Does there exist an additive No Yes Yes
identity ? _ ' )
{iv) Does everyelement have an addi- "No No Yes
. tive inverse? - . o
- (¥) Does the commutative law hold ? Yes Yes  Yes.

Thus the set of patural numbers is not a group for addition,
the set of whole numbers is not a group for addition while, the set of
integers is a group for addition.

We start with the set of natural numbers, It satisfies the first
two properties, but does not satisfy the third. Wedefine the number
zero and form the set of whole numbers so that it may satisfy the
third property also. The set W does not still satisfv the fourth
property and so we introduce pegative integers. The set I forms an
additive group and is a satisfactory structure from the point of view
of the operation of addition. v

) This explains why zero and negative integers had 1o be
‘Invented’ in mathematics.

' As we shall see later, the set I is not satisfactory from the point
of view of the opetation of multiplication and this will show the
uecessity of the ‘invention® of rational numbers.

We have falked of the word ‘structure’. This is a powerful
word.  Just as a building has not only bricks, cement and mortar, it
has_g structure ; similarly numbers in mathematics are not isolated
entities, they arc connected by laws of commutativity associativity,
exisience of additive identity, existence of inverses ctc., and it is thes-‘;
which_ give u structire to the number system and it is due fo the )
resulting structare that number systems are useful in mathematics
and other sciences.

‘ The children may now try to show ;ﬁat the pdsitive fractions
do not form an additive group {why ) ‘
Experiment 267, Additive Group of Triplets.
Consider 'the triplet ({7, A, <>) where the number in any |
frame can be 0 or 1, ‘There are eight such triplets viz, -
(0,0,0), (1,0,03, (0,1,0), {0,0,1}, (0,1,1), (1,6,1), (1,L,8), fl,i,!).

We define sums of two triplets as that triplet obtained by adding
corresponding components provided further that if the sum of two
components is 2, we write 0, i.e., we use

040=0, 041, I40=1, 1+1=0



The children can ';ﬁow form the addition table :
-+ 0,0,0) (1,0,00 (0,1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,0} (14,1

0,0, {0,0,0) (1,0,0) (0,1,0 (0,0, (0,1,1) (1,0,1) (1,4,0} (1,11}
&.o,gﬁ -%1,0,0; é&,ﬁ,ﬂ) {1,1,0) {1,0,1) (L,1,5) (0,0,1) (0,1,0) (D,L,1)
(0’1’0) (091!0) (191:0) (0,0:0) (0,1,1) (05031) (I:I ” (1’03{)) (‘1015)
©,0,1) | (0.0,1) {1,0,1) (0,1,1) (0,0,0) (0,1,0) (1,0,0) (1.1.1) {I,(I},a)
(0,1,1) | (0,1,1) (1,1,1) {0,0,1) (0,1,0) (0,0,0) (1,1,0) {LO.1) {é,l,o)
(1)051} (!aﬂai} (Q!es;-) (lal’l) (‘,0,0} (i,l,@} (05010) (Oﬂlsl} (O’Q’I)
(1,1,0) | (1,1,0) (0,1,0) (1,0,0) {LL,1) (1,0,1) (0,1,1) 10,0,0) ¢ o0
(1,1,13 | (1,1,1) (0,11 (1,0.1) (1,1,0) (1,0,0) (0,1,0) (0,0,1) (0,0,0)
Let the children verify all the five properties:

(i) The sum of any two triplets in the set is 3 triplet of t
{i/} The associative law for addition holds. ‘ .
(iif) There exists an additive ideutity‘ viz. (0,0,0) which when
added to any triplet gives that tnp}et._ o . .
(iv) For every clement there cxists an additive inverse. In fact
every triplet is its own inverse (‘why ).
(¥) The commutative law for addition holds. . 7
Thus the eight triplets form a commutative additive group for
the operation of addition defined here, N
The children may now. consider 16 quadruplets, .d§ﬁne addition
in the same way and verify that they aiso form an additive group.

These groups are very useful in information theory.

he set.

Experiment 268. - Patterns in Multiplication of Columxfs.
The two fundamental operations in arithmetic are addi‘uo.n and
miltiplication:  ‘Subtraction’ and *division’ are ‘inverse’ o?erzftmnst.
" We examined some additive structures in the last six experi-
ments. The children will normally like to explore the c"c)rrespondmg
multiplicative structures and see whether similar properiies held here.
et us consider first the multiplication of cqlumns.k
A B c D E

1 FE 4 5
& 7 8 o 10
n 12 13 14 15,

16 17 " 18 13 20
21 22 230 24 25
26 27 28 28 30

How shall we define AxB ? Take any number from column
A and any number from column B and multiply them. The product
aiways lies in B, so that AXB=B. Proceeding in this way, we get
the multiplication table.

X 4 A B C D E
A A B C D E
B B D A C E
C C A D B E
D D C B A E
E E E E E E

Let the children examine the five properties given in Experiment
265 replacing "addition’ there by ‘muitiplication’,
(i) There is a set of five columns. The product of any two

columns of this set is a column of the set.

(i) The associative law for multiplication holds e.g.

(AxB)xC=BxC=A; Ax(B xC)=AX(A)=A.
The children can collectively verify the law for all the
125 cases.

(i) There existsa ‘multiplicative identity” viz. column A. Any

{iv)

(v

~—

column multiplied by A gives that column. Also when A
is multiplied by any column, we get the column.

What about ‘multiplicative’  inverses? A multiplicative
inverse of a column will be such z column that the preduct
of the two columns is the multiplicative identity
AXA=A,BXC=A, CxB=A, DxD=A

Therefore A and D are inverses of themselves and B and C
are inverses of each other. However E does not have a
multiplicative inverse, for there is no column which when
multiplied by E gives A. The children may recall that E
is the additive identity of additive group,

The commutative property holds since A XB=BxA,
AXC=Cx A, AXxD=DxA, AXE=ExA, BxC=CxB,
BxD=DxB, BXE=EXB, CxD=DxC, CXE=ExC,
DxE=ExD.

Thus ail the properties of a commutative multiplicative
group hold except that the additive identity E does not
have a multiplicative inverse. The childten may recall
that even in ordinary numbers, 0 does not have a multipli-
cative inverse. If however E is left out, the remaining
four elements form a commutative multiplicative group.



L et the children now consider six columns.

A B C D E F
1 2 3 4 5 6
7 8 9 10 11 12

13 14 15 16 17 18
19 20 21 22 23 .24
25 26 27 23 29 30

The multiplication table is

> leilwl@) -4 B%
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The first three properties still hold. A is the multiplicative
identity, but clements B, C, D and F do not have multiplicative
inverses. The commutative law holds. These six elements do not
form a muitiplicative group. Even if we leave cut the additive identity
F, the remaining elements do not form a multiplicative group.

BxD=F,CxD=F.
F is the additive identity and corresponds to zero in our number
system. In ordinary numbers if hxe=0 then either =0 or c=0or
both are zero. Here neither B is the additive identity nor D is the
additive identity, yet their product is the additive identity.

The children can easily verify that when the number of classes
is a prime number i.e. when itis 3, 57,11, ..., the only element
which does not have a multiplicative inverse is the additive identity
and the product of two classes is the additive identity only if, at least
one of them is the additive identity. If we leave out the additive
identity, the remaining classes form a commutative multiplica-
tive group. On the other hand if the number of classes is a composite
number, there will be elements other than the additive identity which
will not have inverses and there will be elements which are different
from the additive identity whose product is the additive identity.
Even if we leave out the identity element, the remaining elements will
not form multiplicative groups.

Experimept 269, The Clock Arithmetic (Muliiplicative).
For the clocks :

we have the muitiplication tables :

X |06 1 2 3 4 x 10 1. 2 3 4 5
00 0 4 0 O TJ0 GO0 0 0 U
1o 1 2 3 4 10 1 2 3 4 5
210 2 4 1 3 210 2 4 0 2 4
310 3 1 4 2 310 3 03 0 3
410 4 3 2 4 410 4 2 04 2

510 5 4 3 2 1

.In both cases 0 is the additive identity and 1 is the mullip]fcative
identity. In the first case the muliiplicative inverses of 1, 2, 3, 4 are
_1, 3, 2 and 4 respectively and only 0 does not have a multiplicative
inverse. In this case non-zero elements form a commutative multipli-
f:ative group. In the second case 0, 2, 3, 4 do not have multiplicative
inverses and '

2x3=0,
Also here 344=1,

Ix4=0
44+5=3

These equations do not show that the rules of our arithmetjc are
wrong. Th.e quantities 0, 1, 2, 3, 4, 5 are not ordinary numbers since
they have different rues for addition and multiplication.

Experiment 270, Multiplicative Gi1oup of Positive Fractions.
Consider the set of all positive fractions. We note that 7
(7) The product of two positive fractions is always  a positive
fraction.
(i) The asspciative law of multiplication holds. The children
can verify it in some cases.
(éif) Ther.e 1s a multiplicative identity viz. § which when muliipli-
_ ed with any fraction gives that fraction,
(iv) Evcry posxtlee ffaction has a multiplicative inverse ¢ g., the
inverse of § is 4 and inverse of £ js &,
{v) The commutative law for multiplication holds.



Thus positive fractions form a commutative multiplicative group.
" The children can easily show that natural numbers and whole numbers
do not form multiplicative groups since no natural number or whole
number except | has a multiplicative inverse and further the set of

integers does not form a multiplicative group since no integers except
1 and —I have multiplicative inverses.

Experiment 271. Groups Resulting from Hole Filling.

Take a piece of card-board and cut from it holes in the shapes of
isosceles triangle, equilateral triangle, ractangle, square, parallzlogram,
trapezium, rivombus, regular pentagon, regular hexagon etc.

Aon Ol
7530 O
< OO

Let the children naw try to fit in the pieces in the holes. In
h(?w many ways can each pisce be fitted ? Consider the equilateral
triangle. It will fit the hole in each ona of the following six ways:

A ¢ ¢ A A B C B A C B &

We get the six transfermations :
ABC\ ABC ABC A BC ABC ABC
(AB C/, (B C A), (CAB), (A CB), (B AC), (C B A)
Consider the second and third transformations. The second trans-

formation sends A into B and the third sends B again into A.
Similarly the second transformation sends C into A and then

o)
the third sends A into C. In this way we see that the second
transformation followed by the third transformation gives the identity
transformation.

Further we have:
(i) The product of two transformations is a transformation.
(i) The law of composition is associative
{iii) (A B C) is multiplicative identity.
ABC
(i) Eachiransformation has a multiplicative inverse {verify).
Therefore these six transformations form a multiplicative group.

Similarly let the children try to fit the square ABCD in its
original hole. They will be able to fit it in 8 different ways :

D C C B B A A D

’ ~ 4 .
/ N L4 AN
Fd A4 .
AN < b ‘/
l’ \\ \\ /l
” . N\, 4
B D A C D B C
C D A B C D A

T

t
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|
]
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~
~
hY
~
~
~
Y

N
\\
B8 A D T A D ¢

The first four are obtained by rotating about a line through the
centre perpendicular to the plane through 0°, 90°, 180°, 270° respectively
and the last four are obtained by rotating about the dotted lines through
180°each. The names on the cardboard and the corresponding names
in the piece replaced in the eight positions are given below :

ABCD ABCD ABCD ABCD
(ABCD), (DABC, CDAB/, (BCDA

ABCD ABCD ABCD (ABCD
BADC), DCBAJ, \ADCB/, \CBAD

These form a group.

~
4!
o



Similarly the coincidence rotations of any regular polygon of #
sides form a group with 2n elerents.

The children in elementary classes may not appreciate the
group-idea but will certainly enjoy the hole-filling activity.

Experiment 272, Do Triplets form a Multiplicative Group ?
Consider the triplets discussed in experiment 267 and let them
be multiplied companent-wise so that
{8y, 4y as) X {by, by, Dyy=(ab,, ayby, asbs)

-The multiplication table then comes out to be :

17 ‘ Patterns in Polyhedra

X__ | 0,00) (1,0.0) (0.1,0) (0,01} (0,1.1) (1,0,1) (1,1,0) (.1,1)
(0,0,0) | "(0,8,0) (0,0.09 (0,0,0) (0,0,0 {0,0,0) (0.0,0) (0,0,0) (0.0.0)
(1,0,0) | (0,0,0) (1,0,0) (0.0,0) (€,0,0) (0,0,0) (1.0,0) (1.0,0) (1.0.0)
(0,1,0) | (0,0.0) €0.0,0) {0,1,0) (0,0.0) (0,1,0) (0.0.0 {0.1.0) {6.1.0)
(00,13 | (0.0.0) (0,0.0) (0,0,0) (0.0,1) (0,0,1) (00,1} (0,0.0) (0.0.1)
0,1,1) | (0,0,0) (0,0.0) (01,0} (0.0.1) (0.1.4) (0,1,1) (0.1,0) (0.1.1)
(1,0,1) | (0,0,0) (1,0,0) (0,0,0) (0,0.1} (0,0,1) (1,0.1) (1,0.0) (1.0.1)
(1,LO) | (0,0,0) (1,0.0) (0,1,0) (0.0,1) (0,1.0) (1,0,0) (1,10} (1,1.0)
(LL1) | 0,0,0) (1,0,0) (6,1,0) (0,0,1) €0,1,1) (1,0,1) (L,1,0) {1,L,1)

The children can easily verify the following :
(i) The product of any two triplats is a triplet.
(if) The associative law for multiplication holds.
(iiiy (1,1, 1) is the multiplicative identity.
(iv) Except {1, I, 1), no other element has an inverse.
(v) The commutative law for multiplication holds.
Due to (iv}, the triplets do not form a group.

Experiments: 273 to 280

Experiment 27). Verifying Euler’s Formula for Polyhedra.

In Experiment 87, the children have already verified Euler’s
formula V—E+F=2 (when V is the number of vertices, E is the
number of edges and F is the number of faces) in the following cases:

(f) Pyramids with bases as triangles, quadriiaterals, pentagons,
hexagons etc.
(if) Prisms with bases as polygons of different number of sides.
(iii) Combinations of pyramids and prisms,
{iv) Other convex polyhedra.
The children may verify the formula again in all thesecases. Each
child may take a spherical balloon and draw a
network on it with a pen and let him count the
nuraber of vertices, edges and faces and again
verify Eulers formula. In this case, the edges [
and faces will, of course, be curved. K
Each child may also draw a network on
plain paper similar to those given on this and the
next page consisting of closed curves triangles,



‘?e‘i?i';sla;ifab, pentagons, etc., and let him count the number of
corners, edges or lines and faces or regions. Let him

count t?e region outside the figure as one of the regions and again
;fenfy Eulet’s formula for this case. Let the children write all
etters of the alphabet A, B, C,...7Z, a, b, ¢ :

potters of the - T S z and find V—-E-F

Experiment 274. Euler’s Formula for Polyhedra with One Hole
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) Let the children be given wooden cubical boxes with a
triangular or quadrilateral or pantagonal hole in each case and let
them count V, E, F e.g. they may get '

- square, pentagonal 0

A\ E F —
With a triangular hole 14 29 15 Y §+F
With a square hole 16 32 16 U}
With a square hole ' 16 40 24 0
With a hexagonal hole 20 46 26 0

Even when the holes have the same nurnber of sides, the
number of edges and faces may be different, but V—E+F would

always come out to be zero.

Experiment 275. Euler’s Formula for Polyhedra with Two or
More Holes.
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Let the children be given a cube with 2 holes (triangular,
¢ one triangular and the other square) and let
them find V, E, F e.g. in the above figure

V=24, E=48, F=22,
so that V-E+F=—2.

They will find in all cases whenever there are two holes,
V_E4F comes out tobe —2. Similarly for a polyhedron with
three holes, V—E-+F comes out to be —4. The children can now
guess the formula

V—E+F=2-12q,
where q is the number of holes.

Experiment 276. Regular Solids.
A regular polyhedron is one in which there is no hole and for
which the
(i) number of sides of each face is the same ie. each face isa
triangle ot a quadrilateral or 4 pentagon cte. :
(ii) number of cdges which meet at a face is the same.
Let each face have m sides ané let n edges meet at each vertex.



Each face has m edges so that F faces have mF edges, but in
this, each edge is counted twice, so that

mF«=2E
Similarly
nxV¥=32E
But
V—E+F=2
Therefore
2E 2E
‘;;“*‘E +-f—n—=w
I
m TR ET S

We want m, 2 and E to be positive integers with a1, »# both 3 3.
By trial and error the children can find the following solutions only

n m E Y F Polyhedron

3 6 4 4 Tetrahedron

3 12 6 8 QOctahedron

3 30 12 20 Tcosahedron

4 12 8 & Cube

3 5 36 - 20 i2 Dodecahedron

Let the children verify that m~—4, n=4 ; m=4, n=5; m=4,
" m=6; m=3, n=3 etc. are not possible.

There are thus only five regalar solids. 1In a regular - sofid we
aise usually require faces to be congruent figures.

3
4
5
3

Experiment 277, Making Pyramids and Prisms,

Let the children draw the following nets on cardboards and -

make pyramids by folding along dotted lines and then joining the
edges. : )

Similarly the child-
ren may make pyramids
with a regular heptagon
or a regular octagon as a

base,

Next let them make
prisms by drawing the -
following nets, folding
aleng dotted lines and
pasting together the edges.




Experinzent 278. Making Regular Polyhedra.
As we have seen there are five reguiar polyhedra.  Tre nets for
these are given helow ¢

The children can draw also combinations of prisms and pyra-
mids by drawing nets like the following :

T>

.I .,
A
!
i
T T
-~ t i 1 e
S R N
o A /
. s o L et
feosahedron Drodecahedron




Experiment 279, Making Deltahedrad.

These are regular convex polyhedra all of “whose faces are con-
gruent equilateral triangles. Tt was proved in 1947 that there afe
only eight such polyhedra and these are called deltahedra because
each face is a triangle which is of the form of the Greek letter delta
(A) ,
Three of these eight are the three regular polyhedra with tri-
angular faces viz, tetrahedron, octzhedren and icosahedron.

The nets for the remaining five are given below :

5 1 |
5 .2 5 1 4
2 4 ] 4 7
4 7 7
I i l !

L2 /W\s
Vs

9 S 9

In these figures, after folding, the points with the same number
have to be brought together. The shaded areas are to be used in
pasting and joining.

Experiment 280. Motivation for learning geometry.

There can be two methods for making the above polyhedra.
Either the nets can be drawn on good quality paper and children cen
copy these on card board by means of carbon paper and then they
can do folding and pasting.

Alternatively the children can be motivated to learn the cons-
truction of equilateral triangles, squares, rectangles, regular pentagons,
hexagons etc. in order to make these nets. Very often methods of
constructing these are done in elementary classes and the possibility
of constructing polyhedra with their help can be a strong motivating
force for learning constructions in geometry.

18

| Miscellaneous Patterns T

Experiments: 281 to 289

Expevisnent 181, Failure of Patterns, \ :

{f) Give the children an expression like st—ad-4l and lot tﬁ
give. different values 1, 2, 3, 4, 5, 6,...... Theyget numbers 41,
43, 47, 53, 61, 71, 83, 113, 15],..c... all of which hagpén‘tb be prime
pumbers. The children may hazard a guess that all numbers would
‘be prime numbers.  Encourage “hem to continue and ultimately they

" would get & composite pumber, The bright children may be able to

see even earlier that for # =41, they would get a composite number.
The children, may learn the moral that while making intellipent
puesses, through recognition of patterns is very useful ; the guesses
have t& be confirmed through careful arguments. In the clementary
stages, children should learn guessing, in later stages, they would
learn how to *prove’ o7 ‘disprove” the guesses. '

. (i) Let the chiidren draw a vircle, take two points on It and
join them. 1t divides the circular region into 2 parts. Let them now
?ake three poimts and join every pair of these ; the region is divided
inio 4 parts. Let them now take four, points and find that the
maximum number of regions they get 5 8. With five points, they
exnect a maximum of 16 regions and they get them. With six points,



they expect fo get a figure with 32 regions, buthere the pattern t‘airls.

Thie children are so much convinced of the_: pattern that they are
_ prepared to believe they have missed some 1Egion and they try 2gain
and again. They believe the next number in the sequence 2, 4,8, 16
must be 32- However consider :

.2‘2 (5 — 20 4+ 11+ 14n -+ 24)

When n=1, it gives 2; when a=2, it gives 4; when n =3, it gives 8
when =4, it gives 16. However when n=3, it gives 31.
Given the first few terms of a sequence, We <an find a large
: ibilities for subsequent terms.
n“mbt',‘l'rhzfsgi(::;ibslt}::uess at geneqral patterns by.examination of some
- particular cases. ‘They go on confirming th.elr guesses by further
expetimentation and they are sur: about their guesses almost only .
iey get mathematical proofs.

when Eli}tfz gctl:'lildren “are youl:ag scientists. Let them make sh_rewd_
guesses and go on verifying them, They have to learn deeper mathe- -
matics in order to get proofs of their guesses. ' ‘
. The children may also be asked to colour the regions _qbtamf.d
- above with different colours in such a way that no two Fegsons with A
common boundary get the same colour and let them verify that they :
don’t require more than four colours in any case. ‘ :

Experiment 282. Patterns in Estimation.
Children Jearn measures of lengths, areas, \_Iolumes e}nd weigl;ts;
A capacity to estimate these approximately 1S highly desirable. Fol

this the following experiments may be carried out.
{@) The teacher may draw some straight and curved lines on the

board like the following :

and ask the children to guess the lengths in centimetres, Let the
children then measure these lengths by means of a thread and find out
how far they were wrong. ' ) .

{5) Next let the children estimate the lengths and breadths of
their class room, of the verandahs, the school hall, the playing felds
eic and then by actual measurement find out their errors. In the
same way let them measure the heights of children in the class and
then find their errors. With practice, the estimates should go on

- improving. .

{c). In the same way, children can by lifting different weights in
their hands and then estimating their magnitudes in gms. and
compating them with the actual weights measured by, say, a spring
baiance, can develop the power of estimating weights correctly.

td) The same method can be used to develop feeling for magni-
tude of areas in square cms. The children may draw many closed
curves on graph paper, first estimate the number of smali squares in-
cach and then by actval counting, they can determine errors and thus
reach better and betler estimates it subsequent efforts.

(e} The children may similatly be asked to estimate how much
time it takes to read a page, how much time it takes 1o run a furiong
efc. and then by actual comparison, learn to improve their estimates.
It will always be found that the first estimates are always wide off the
mark, but they go on grajuaily improving.

() The cilildren may be shown bottles of different sizes and
asked to estimate their volumes in’ litres and then compare their
estimates by filling the bottles with water and using a graduated

i cylipder,

{g) The children may also estimate the number of children in
the class, the number of childrén in the school, the number of children
in their village or town, the population of the towns etc. and then
compare these with the actual numbets. :



Experiment 283. Further Patterns in Estimation.

{a) Place a certain number of objects on the table and ask the
children to estimate whether these are more than 100, more than 50,
more than 25 etc.

(#) Draw patterns like the following on shects of paper or on
flannels and put them on the black board or flannel board and let the
children estimate the number of squares and let them explain their
method of getting these numbers.

(i) The children can
count only squares E’F—lumumunuﬂl_ﬂ JHUF—]L]D

in the {ower or up-
per line and then double the number.

(ii) The children may see
that there is one com- '_j
plete line of 15 squares
and the other squares can
be shifted to give another
line of 15 squares.

RERE [ 1]
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(i) The children may see that the ]
numbers in successive Tows
are 8,7,8,7,8,7,87 and g
there are 4 pairs with 15
squares each.

(iv) The children may. count

the number of squares on

~ one side and multiply by
4,

{¢) The children may also estimate areas of figures like the

following ¢
o

(/) The children may make stacks

here and estimute the total number of
cubes in each stack. 8

4
211
412

5
of centimetre cubes like the one shown 7 4
3]

31211

{g) Thae children may estimate the square root of large numbers
ejg.,. they may be asked whether the square root of 221456789321
will be more than 99999 or 111111 or less than 222121 etc. They
may recall that the square of a number of # digits ks either 2n—1
or 2n digits.  Similarly they may estimate and approximate cube
roots ot fourth roots.

4 {f) In the same way the children may estimate the products of
quotients of pumbers ¢ g, they may estimaie how many digits the
product 123456789 x 2345678 or quotient 32345878 4l have. This
will be useful in checking errors in calculation.

{g) The children may be asked to estimate approximately the
following. They may do these as oral exercises so that they are
forced 10 use approximations ;

(/) number of inches in 2 mile
(1760 % 3 x 12 == 1800 % 35 = §3000)
{if} number of square feet in an acre
4840 x 9 == 4800 x 9 = 43200
or

4840 X 9 =« 5000 x 9 = 45000

: the

I
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321



(iif) number of square inches in a circle of radivs 10 feet.
{(iv) number of cubic inches in a sphere of diameter 10 feet.
{v) number ol Sundays in 200 years.
They may also be given books and asked to estimate the num-
ber of words and number of letters in them.

Experiment 284. The Square Bracket Function.
The square bracket function is defined as follows :
[x] is the largest integer constrained in x.
Thus [33]=3, (3*]1="6, [4:05]=4.
(2) The children may be given various numbers and asked to
find their square brackets.
(b) The children may draw graph of this function e.g.

8

MW oBh W

0O 2 3 45 6 7 8 9

(c) The children may find [x-+y] and [x]+[y] and investigate
the relation between them. Thus
[34+4 63]1=[31]+1165)
[33+0651> 1341631
[63—35=(6§1-[31]
[63=3) <[651—133]
The children may also construct example of this type th:mselves
and try to discover the general pattern.
(d) Similarly they may find relation between [x X y]and [xIx[x]

and [%] and %yi]} eg.

res_L62]
L33 {34
637 _[61]
<
[3§ [3%].
Children can make their own examples and try to deduce gene-
ral results.
(2) The children may find relation below
(v x) and Vx] eg.
" [VT215) = vi215]
Will these be atways equal ?

Experiment 283. Patterns with Arrow Graphs.

{a) Let the children join points.
[] and ?—-—l—4

on the number line and see what they get,

SSrosLT

O I 2 3 4 5 6 7 8 9 o101 1213

They note that as the first point moves one step to the right, the
second point moves one-third of a step to the, right. Similarly when
the first point moves one step to the left, the second point moves one-
third of a step to the left. - For pointson the left of *6’, the arrow
points to the right, while for points on-the right of 6, the arrow points
to the left. The point ‘6’ is joimed to itself. We say this point
remains fixed and it is the fixed point of this transformation.

(b) Let the children join points

] and %1+5
or [] with20—3
or [ with-zTD+l

and find the fixed points in all these and similar cases.
{¢) Let the children draw two parallel lines ayd join points {J

on the first line with %]—-1;-4 on the second line sAad let them find which



34 5 6 7 8 9 1011 12

N\

2 3 4 5 6 7 8 9 10H

pomt on the first line goes into itsell on the second line This methed
gives a method of solving equations of the type

x=ax-+b.
{d) Let the children join numbers whose sum is agwea number,
say 10, and see what they get :

6 1 2 3 4 5 6 7 8 9 10

0 + 2 3 4 53 6 7 8 9 10 H I2

They find all the lines passing through one point. The peint of
intersection shows the number which goes inte itself. The above
patt.rn corresponds to [+ /A =10, and shows that the fixed point is
5. The folfowing pattern shows [+ 2A =12 and shows that the fixed
point is 4.

0O ) 2 3 4 5 6 7 8 9 10 1 12

0O 1 2 3 4 5 6 7 89 0 H 12
This gives a method of finding the intersection of
x-ay=hb and x==y.

(¢) The children may write numbers on two parallel lines in
reverse order and join [} on one line to 2[] o the other or {J on one

line with %3- on the other and see what pattern emerges.
Experiment 286. Patterns with Mag’ : Squares.

(a) One of the most famous magic square was given by Durer
in one of his paintings.

16 3 2 13
5 10 11 8
9 6 712
4 15 14 1

Let the children note the rich variety of patterns here :
(i) Sum of elements of each row is 34,
(i7} Sum of elements of each column is 34.
(i#7} Sum of elements of cach diagonal is 34.
(iv) Sum of four corner elements is 34.
(v) Sum of four central elements is 34.
(vi) Sum of 4 elements in each 2x2 square into which the
square is divided by central lines is 34.
(vii) The opposite pairs of squares : 3, 2, 15,14; 8,12, 9, 5add
upto 34.
{(viii) The slanting pairs of squares : 2.8,9,15:3,5,12, 14 add
upto 34,
{ix} The sum of squaces of elements of the first two rows=sum
of sqrares of elements of the last two rows ie,
1684324221324 52+ 102 - 113 +- 8%
—92*62+72+122-‘-42+1i2—142 1122748,
(x) The sum of squares of c¢lements of first and third rows=
sum of squares of elements of szcond and fourth rows i.e.,
1624324221 1324-92 4 % - 72 4122
=524 102+ 11282 4 425 15%4- 1324 12 =748
(xf) The sum of squares of elements of first and third columns=
sum of squares of elements of second and fourth columns
ie.,
1684 5% 92442432 L10%4 624152
=22+112+72+142+132+82+122+1‘1=74S



(xii) The sum of squares of elements of first and third columns
=sum of squares of elements of second and fourth columns
ie.,

1624524084 42y 02y 21 72y (42
=32+102+69+15’+13=+8’+]2*—{-—I==748

(xiii} The numbers in the diagonals add upto the numbers not in
the diagonals, and not oaly are the sum of their squares
equal but the sum of their cubes are also equal. Thus

1610474+ 1+4+6+11413
=248+124144154+94-543=68 -

1624102472 124 421 67+ 1124132
=224+824 122 £ 1424 1524924 521 32— 748

161034+ 134434631 1121 133
=231 834 1294 145 £ 1584051 531 3920248

The verification of all these patterns will give the children well-

motivated exercises in addition and multiplication.

() The children may join the numbers in the magic square of

Durer in increasing order and get the magic Durer line.

(¢) The following squares are also interesting

67 1 43 3 71 5 23
13 37 61 53 11 37 H
3l 73 7 29 7 19 47

17 13 41 31

Except for number 1, all other are prime. No composite num-

ber occurs in cither square. In second square, cnly row and column
SUMS are same,

(d) The following magic square is also interesting and amazing

8818 11l . 8188 1881
8181 1888 8&11 1118
1811 8118 1181 8888
1188 8881 1818 8111
(i) The sum of elements of every row, column, diagonal is

19998,
{#) If we write the square as

-
Z=muw
OCRO0
vrmyg

then

A+D+M+P = 19998
B+C+N+O = 19993
E+ I +H +L = 19998
A+ B +E +F — 19998
B+F +C +G = 19998
C+G+D +H = 19998
E+1+F +7J = 19998
F+J +G +K = 19993
G+K+H+L = 19998
I +M+J + N = 19998
J 4+ N+ K+ O = 19998
K+L +0 +P = 19998

(#iiy 1f we turn this square upside down, we still get a magic
square with all the properties unchanged.

(iv) If we hold this square in front of a mirror, we get another

magic squarc in which all these properties remain un-
changed.

{v) If we turn the square upside down and hold it in front of a
mirror, the same propertiés hold.

The children can get practice in more than 100 addition sums,
in each of which the sum comes out to be 19998.

The magic square is called 1 X O X [ O X I (pronounced Ixo-
hocksie) because this name is the same backward or forward, upside
down._ in the mirror, in the mirror and upside down).

(a) From a given magic square, the children can make new
magic squares by interchanging rows or interchanging columns or
adding the same number to every element or subtracting the same
number from every element or multiplying every element by same
number or dividing every element by same number or dividing by a
given number and taking the remainders. By subtractivg a suitable
number from every element, the children can get magic squares with
some positivc and some negative elements. Similarly by dividing
by a suitable number every element, they can get squares whose ele-
ments are fractions, - ‘The teacner can give such examples for giving



some practice in addition of fractions e.g., the following are magic
squares ;

Tl odoug o
r P i F & f i1 %J
IR I T
1'1?2' I 3% %’

Experiment 287. Patterns in a Square.
(@) Give the children the following square

509 681 366 603 721
156 528 213 450 568
259 431 It 353 471
365 537 222 459 577
144 36 1 238 356

Let the children choose five numbers, one number being chosen from
each row and each cclumn.  Thus let them first choose any one of
the twenty-five numbers. Lel them cross out the row and the column
containing this number and let them choose one number out of the
remaining sixteen numbers. Then let them cross out the row and
the columa containing this new number arnd let them choose one
oumber from the remaining nine numbers and so on. Ultimately
they will get 5 numbers. let them add these five numbers. The
sum comes out to be 1968 in whatever way the cho.ce is made and
there are 23x169x 4% [=14400 ways. The children can get
practice in addition of five numbers in 14400 problems if they like.
It would look surprising that the sum always comes out to be 1968,
() In the same way, the following square will give 36 25x16

X 9x4 % 1=>5184000 addition sums in each of which the sum will
come out to be 100

6 8 5 10 i8 15
9 11 8 13 - 21 18
12 14 11 16 24 21
14 16 13 18 26 23
15 17 14 19 27 24
18 20 17 22 30 27

(¢) The children will like to know how they can form such
squares themselves for any given sum. Suppose they want 6x6

-and write these in two sets,

square with sum 100, They just choose 12 numbers whose sum is
100 e.g. they can choose :
) 2, 5, 8, 10, 11, i4
4, 6, . 3, g, 16, 13
Let them now add 2 to every element
of the sccond set to get first row of square and add 5 toevery
element of this second set to get second row of square and so on.

2+4 246 243 2+8 2416 2413
544 546 5+3 5+8 5416 5413
8+4 8+6 843 8-+8 8+16 8§4-13
10-+4 1046 1043 104-8 10416 10413
11+4 ii+6 1143 11-+8 11416 I1+13
1444 1446 1443 1448 14+16 14+13
They can now see why they always get the sum 100. In whatever
way they choose the six numbers, they would get each of

the twelve numbers 2, 5, 8, 10, 11, 14,4, 6, 3, 8, 16, 13 once and
once only and thus the sum must be the sum of these twelve numbers
and must therefore be 100,

(@ What we have done for sums can be done for products
also e.g. let the children form the squares:

2x4 2x6 2x3 2x8 2x16 2x13
5x4 5%6 5%3 5% 8 ix16 5% 13
8x4 E8x6 8§x3 8x8 8x16 8x13
10x4 106 10x3 10x8 10x16 10x 13
11 x4 H X6 11x3 11x8 11x16 11x13
14x4 46 14x3 14 %38 14x16 4% 13
ie. :
8 12 6 16 32 26
20 30 15 40 80 65
32 48 24 64 128 104
40 60 30 80 160 130
44 66 33 88 176 143
56 84 42 112 224 182

If the children choose six numbers, one from each row and
each column and find the product, the product will be 2x5x8x 10
XI1Tx14Xx4x6x3x8x16x13=15260345600 and they can get
this preduct in 518400 ways. '

The children can now form their own squares with given sum
or product and given size and check the result.



Experiment 288. Patteras with Fractions.
(a) The children mav make their ‘fractions boards’ like one

as given below :

/2 2
1/3 1/3 1/3
fa | tfa | 1ja | 1[4
/s [ 1fs |iys [ifs Tifs
/6 16 |1f6 |if6 |1/6 |if6

/7117 117 17
e lifelifs|i/s|ife /8 1/ ifs

This may be used to give the following concepts :
(i) Concept of equivalent fractions e.g. that

1_2_3_4
2 4 6 8
1 _2_3_4
-3___6- "‘3 _'1_2— ---------------
(ii) Concept of Egyptian fractions whose numerators are

restricted to 1 except in the case of the fraction -§— The children

may be asked to express any given fraction in terms of Egyptian frac-
tions. Thus _

3 1 I
T°77
i:_l_-!__l,_.
e
EIE AT
2_t,r.n
> 4 1020

{iiiy Concept of simple addition and subtraction of fractional
patts.

1,13
Thus 713=%
1_1_3
2 3 6

(iv) Concept of the relative sizes of fractions.

(&) In figures like the one
shown here, the children may
shade all those parts having
fractions in their lowest terms
or they may show equivalent
fractions “with the same
colour.

Qbﬁ%V%@]&GPMM#ﬂﬁ]

(¢} Children may write fracticns indicating the shaded parts.

Il




(d) Children may form magic squares of fractions by dividing
elements of ordinary magic squares by same number.

AAAA 08080

0O 0o o 0eo

] AAAA oY NoX" Yo
o O e AAAA [eNeXe]

Children may be given cards like the above and they may
‘be asked to arrange them in decreasing order of shaded fractions.

(f) Let the children find the rnumber of positive proper
fractions with denominators less than 10 or 20 or 30 and see the
Jpattern. They may start with

number of proper fractions with denominator two=1

" number of proper fractions with denominator three =2
number of proper fractions with denominator four =3,

They may also find the number of proper fractions in their lowest
derms -with denominator less than 10 or 20 or 30 ete.

(¢) Children familiar with decimals, fractions and percentages
-can play the game of Fradey Percey. There is a set of 54 cards but
there may be more or less. Some cards are illustrated below.

Cards are shuffled and distributed to 2 or 3 or -6 children.
Each child draws a card from one on his left and as soon as he gets
three matching cards, he lays them on the table and gets 10 points.
If he lays down wrongly, the first child pointing the mistake gets 10
points. The game ends where one player is left with no cards and at
that stage the score of each child is calculated as follows : 10 points
for each triplet made are added and 2 points for each card remaining
in hand are subtracted.

Experiment 289. Patterns in Enlargement,

(a) Children like to enlarge given figures. To enlarge a given
figure they have to draw a square grid on the original figure and
then they reproduce the figure on a grid of different size,

//[\\

4

\ / j
\_//

The sheets of paper with square grids of different sizes may
be printed for the children. On one sheet figures may be drawn and
the children may enlarge these on different sheets to different sizes.

Alternatively grids of the same size may be used but for enlarging,
children may use two or three grids where they used one grid before.

a»

- -
(B) Children can get interesting caricatures by using different

scales of enlargement in different directions e.g. they may change the

scale in one direction and not in the other or enlarge twice in one
direction and three times in the other.




Children may like to caricature figures of important persqnalfties
of other shapes., They may also realise that for true rep!'es'entauon,
the scale of enlargement should be same in the two directions. -

(¢) Children can draw figures on surfaces of balloons and see

how these get enlarged as the balloons are gradually filled with air

or they may draw figures on flat pieces of rubber and see now_ these.
figures get deformed as the rubber piece is stretched in different E

‘directions.

(d). For some shapes, en]argcm‘ents.can be -made by - using 4 or
"9 or 16 of them together e.g. o :

() The children can make a pantograph from their Meccano
or strips of stout card

ABCD is a parallelogram and O, D, Eareina straight line. Q is
kept fixed. The point D moves over the figure fo bhe enlarged and
then pencil through E would trace out the enlarged figure. If the
figure is to be shortened, E moves over the figure and D then traces
out the smaller figure. Children like to make their own pantographs
and make enlargements of figures chosen by them.

(f) A similar and simpler deviceis the ‘elastic pantograph’.

. Q

PIN KNOT PENCIL

Two elastic bands of the same length are knotted together. A
drawing pin is inserted at one corner of one of the bands and acts as
the enlarging centre. The knot is made to move over the figure to
be enlarged and a pencil at the another end draws out a figure of
double the dimensions. The bands are to be kept completely
Stretched in this process. If the size is to be tripled, we can use
three ban 's.
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(2) Another method of enlargement is the spider method.

Experiments: 290 to 295

Experiment 290. Patterns in Binary Scale Age Tables.

From a point O, hnes Zrz drawn to pou:;s f;f ;he ?ig“r"? o ?e cnle?.rge(} The children have learnt the binary scale in experiments 97 to
and the lines are extended to increase their lengths in therato of 145 1y (hjs scale, every number is represented in terms of two
enlargement. - digits 0 and 1.

Thus

(1101)=1X 2841 X 22 +0x 2141 X 20=(13},

Conversely since

I3

)

C)
10-0O @ -

Ny

%)

™ I\ININ

ra

@@@j@

we write
(13),=(1101},, (17)3,=(10001),



binary scale.

Thus every number in scale of 10 can be expressed in the
Let the children express all numbers upte 63 in the

binary scale and write them on different cards according to the
follewing rule : '

rth

Write all numbers which have inthe binary scale ‘1’ in the
place from the right on the rth card;

Here r=1, 2, 3, 4, 5, Thus they get the following cards :

13 5 7 9 11 2 3.6 17 10 11
13 15 17 19 21 23 14 15 I8 19 22 23
25 27 29 31 33 35 2627 30 3t 34 35
37 3% 41 43 45 47 38 39 42 43 46 47
49 51 53 55 57 59 50 51.54 35 58 59
61 63 62 63 -

4 5 6 7 12 13 & 9 10 11 12 13
14 15 20 21 22 23 1415 24 25 26 27
28 29 30 31 36 37 28 29 30 31 40 41

38 39 44 45 46 47 42 43 44 45 46 47
52 53 54 55 60 6l 56 57 53 59 60 61
62 63 62 63
16 17 18 19 20 21 32 33 34 35 36 37
22 23 24 25 26 27 38 39 40 41 42 43
28 729 30 31 48 49 44 45 46 47 48 49
50 51 52 53 54 55 50 51 52 53 54 55
56 57 38 39 60 6l 56 57 58 59 60 61
62 63 62. 63

NG
(i)
Gii)

The children may note some patterns here' e.g.

Each card has 32 numbers. '

"The cards begin with numbers I, 2, 4, 8, 16 and 32.

The third card starts with 4, has 4 consecutive integers viz 4,
5, 6, 7, then there is a jump of 5 (=4+1) and then there are 4
consecutive integers again and then there isa jump of 5and then
there are 4 consecutive integers and so on  Similarly the fourth
card begins with 8, has eight consecutive integers, then there is a

(&)

(i) These can be used for telling the ages of persons.

Ui

(i)

gap of 3 and then there are eight consecutive integers and so on.
The children see the same pattern in every card. There are as
many consecutive integers as the first number followed by a
jump of one more than this number. Noting these patterns
the children can prepare 7 cards for numbers upto 127 or
8 cards for numbers upto 255 and so on.

The children may also notice that the first card contains all
numbers of the form 2n—1, second card contains all numbers
of the form 4n—2, 4n—1, third card contains all rumbers of the
form 8n—4, 81—3, 8n—2, 8n—1, feurth card contains all numn-
bers of the form 16n—8, 16n—7, 16n—6, 16n—35, 16n—4, 16n—3,
16n—2, 16n—1 and so on.

These cards can be used in a number of ways e.g.

A child
asks a person to tell him which cards carry a number equal to
his age, adds the first numbers on the cards and tell him imme-
diately his age. In fact the child needs only see the backs of
the catds, which may carry some distinct marks like different
colours to see wiich numbers they start with.

These can be used for ‘think of a number’ game. A person can
think of a number and indicate on which cards the number
occurs. The child easily tells which number he had thought of.
These can be used for signalling messages e g. the first, second,
third, fourth, fifth, sixth and seventh cards may be represented
by violet, indigo, blue, green, yellow, orange and red coloured
"bulbs (these are the colours in the spectrum of white light and
are represented by the word (VIBGYOR) and suppose we have
to transmit a word PATTERN. It has sixteenth, first,
twentieth, twenty fifth, eighteenth and fourteenth letters of
ajphabet. We have to flash 16, 1, 20, 20, 5, 18, 14. Since 16
cccurs on fifth card only, we flash yellow light and then flash a
white light to show that the first letter is over. 1 occurs on the
first card only so we flash violet light and then white light.
20 occurs on third and fifth cards, so we flash blue, yellow and
white lights and so on. The message will then become

YWYWBYWBYWVBWYIWIBGWW

For flashing messages in English, we shall require bulbs of five
different colours and a white bulb. A white bulb light indicates



(iv

()

{vif}

Experiment 291,

end of a letter and two white lights will indicate the end of
a word. J
If cards are available, numbers can be expressed in binary
scale. Thus 2t opccurs in first, third and fifth cards, In the

binary scale, digit 1 will occur in the first, third and fifth places

from the right and 0 will occur in second and fcurth piaces,

so that
Rl = {10101,

These cards can be used for weighing. A person may have
available weights of 1, 2, 4, 8, 16 and 32 Kgms. only.
Suppose he wanis to weigh 41 kegms. He finds 41
occurs en the first, fourth and sixth cards. He uses the first,
fourth and sixth weights

A similar use is the following:

A farmer may keep 1, 2,4, 8, 16, 32 sheep in different pens.

Suppose a buyer wants 41 sheep, he just empties first, third and
sixth pens. '

These can be ased for preparing a mechanical sorter of cards.
Suppose we have 64 cirds. We punch 6 holes on each as
follows and number these cards and make cuts on a card
according fo its number. The card with number 41 is cut as
the card on the left ;-

B 000000?

Now suppose the cards have got mixed up and we want to
re-arrange them. We put a nail through the first hole on the
right and shake. 32 cards will remain on the nail. Place these
on the nail in front of others. Now put the nail in the second
hole and shake and put those that remain in front on the nail,
After six shakings, the cards would have been arranged in the
natural order.

Another Pattern ia Binary Scale.

{{} Here the children canlearn the ‘Russian peasant” method of

multiplication which is based on the binary scale. - To multiply

84 by 35, we proceed as follows :

84 35
42 .70
* 9 140 140
10 280
* % 560 560
2 - 1120
* 1 2240 2240
T2740

The children go on dividing numbers in the first column by 2

successively disregarding remainders and marking the odd

quatients by stars.  The children go on multiplying numbers in

the second colemn by 2 successively and finally add those

numbers in the second column which correspond to odd num-

bers in the first column. The sum will give the required product.
The children can verify the result in a number of cases.

To understand the reason, let us cxpress 84in the binary
scale. ,
84=04-+16+4=2281-22-1- 2 50 that
(84),,=(1010100},
BAx3S={I XL 0x P12 HIRBHI R BF0X2
-0 x 1} % 35
=2%% 354203542 35
=2240 4 560 + 140 =2940.

Thirty-five is to be multiplied by 2, twice in succession, four
times in succession and six times in succession and these
products are to be added.  This is what has been done in the
above example.

The advantage of this method is that the ckild can. multiply
any two numbers by using the multiplication table of 2 only.
The disadvantage is that it takes more lime.

(if} A modification of this method is obtained by expressing both

numbers in binary scale,
{84),, X139 e={10 10 100}, X {100011},
B X (38 = {4+ 2 x 2% (24241
=21:+29+27+2'}+26+25+.24+23+2!
SRV Ry LRy LR SR Ll AR A S
= {2940},



Alternatively we note the following : ‘

Number 84 occurs on 7th, 5th, and 3rd cards

Number 35 ocours on 6th, 2nd and 1st cards.

To find the product, we add first numbers in :
12th, 8th, 7th, 10th, 6th, 5th, 8th, 4th and 3rd cards.

The rule that emerges is the foilowing :

Let first number occur in ath, bth, eth...cards, and let the
second number occur in pth, gth, rthe.cards.; then the product
is the sum of first numbers on the following cards :

(a+p—Dth, (a+q—1)th, (a+r-—Dth, (7+p—1)th,
(b-+-g—1)th, (b4r—1)th,..

This method has the advantage that one has not to know
even the multiplication table of 2. What one requires is the

addition of numbers anly. Of course we have to have sufficient

cards and sufficient time,

What we gain in simplicity, we lose
in time. '

i} Another notation may be useful,. Since
B4=264 2611
35=254-214-28,
we write
B4=(6,4, 2), 35=(5,1,0)
The children may express various numbers in this form.
The methed for multiplication is illustrated below :

84 35=(6, 4, 2) X (5, 1, 0)
(645, 641, 640, 445, +1,440,2 15, 241, ue)
=(11,7,6,9,54,7,3,2)
=(11,9, 8, 6,5,4,3,2) ‘
= M 204294 204204 2.4 25420 2940

In the above simplification, whenever a number like 7 occurs
twice, we replace the pair by the next number. Thus
(11,10, 10,9,9,9, 7, 7. 7, 7y =(11, 11, 10,9, 8, §)
=(12, 10, 9, 9)
={12, 10, 10)
=(12, 11).

This notation may also be useful for addition and subiraction.
These are iliustrated below :
844+35=(6, 4, 2}+(5, I, 0)= (6 54,2, 1, 0)
'~?+?+T+?+P+?
=119, . :
R4—35=(6, 4, 2)—(5, 1, 0)=(5, 5. 4, 1, 1)—(3,1 0)
=45, 4, }—{0) =(5,4, 0, 0)—(0=(540)
T =754.20420 =3z4+1641 - =48 .
The notation may be used for direct multiplication, addition,
and subtraction in the binary scale. Thus
(1161100101), x (1001001010),
—=(9,8,6,520x%x (3631
=(18, 15, 12,9, 17, 14, 11, 9,15,12,9, 7, 14, 1185
11,8, 5,3, 9,6,3, 1)
={18, 17, 16, i5, 13, 12, 11,9,8,5,3,2,1}
: w(llllOlllOllO()lOlllO)g
{:10&;00101)2 4 (1001001010,
={9,86,520 +(631
.—-(9‘98665_3210)
={10,8,7.53,2,1,0)
={10110101111}
(1101100101); — (1001001010),
={9,8,6,520 —(9.6,3,1)
=(,4334L L0 -0 1
={8, 4, 3, 1, 0) = (100011011},

Expenment 292. Patterns in Ternary Scale.

(/) In Russian peasant method, the children have te use the
multiplication table of 2 only, but it 1akes a long time. If they are_
prepared to use the multiplication tables of both 2 and 3, they may
proceed as follows @

#4845 . 35 70

T*28 105 105
9 315

3 945 ‘

1 2835 2835

3010

T the first column, the children divide successively by 3 and
writé two stars against a number which gives 2 as remainder and one:



star against a number which gives | as remainder on division by 3.
Let them muliply the numbers in the second column by 1 or 2
:-wcordmg as there are one or two stars in the corresponding nurebers
in the first column and then add.

Let them verify this algorithm in a number of cases,

The reasoning is explained by using the ternary scale
86 =343 +2x30=(10012)s
BOx35==31 3531 35+-2x 3% 35
=2835- 105+ 70=3010
3= 2xP-L2x30
The children may also use the following notation :
86={4,1,0,00, 35=(3 1, 1,0,0} ’

They multiply and add as before ; however when they get three
equal numbers, they replace it by the next number. Thus

86%35={4, 1,0, MHx(3,1,1,0,0) :
=¢7,5%5,4,4,4,2,2,1,1,31,1,0,0,3,1,1,0,0) _
={7,6,4,2,1,0)
=374 381 384 320 3044 303010
86+35=(4, 1, 0,0+ (3, 1, L, 0,0
=43 1,1,40,0,0,0
={4, 3,2, 1, 0)==30 435301 314 30
=121. )
This notation also enables the children to maultiply, add and
subtract in ternary notation directly e.g,
(2110202); % (1220102)y
2(6)2: 59 43 (2}2» (0)2 X 69 (5)2! {é)ﬂl 2! (0}
mg;;}z({g})l.}ié (é;})}&a (88)22 (76)4: (11)23 (10)23 {9)2 73 (5)2 (0):
b4 2 My » [ (6 3 3y » ] > ’
2 0, o5 {B)y (‘)4( 15 (9)as (2)a, (6)5, (5)s, (4)s
=(13), (12), {1133 (%) (6)y (3 (3), (2), (O)
- ={11201001201111);
(2110202) -+ (1220102),
=(6j25 5, {43, (2}2r (G)Z
+{6};, {5, (4}, 2, (O}
=(6". (5, (@), (25, (0},
={7,6,5,3, 1, 0}
={11 101011}y

(if) One important puzzle of the binary scale is the Backets
weight problem. The children may express every number upto 40,
say 4, in ternary scale. Thus we have

Decimal i 2 3 4 5.6 7 8 9 10
Ternary 1 2 10 11 12 20 21 22 100 101
Decimal 11 12 13 14 15 16 17 18 19 20
Ternary 102 110 121 112 (20 121 122 200 201 202
Decimal 21 22 23 24 25 26 27 28 29 30
Ternary 210 211 212 220 22t 222 1000 1001 1002 1010
Decimal 31 32 33 34 35 36 37 38 39 40
Ternary 1011 1012 1020 1021 1022 1100 1101 1102 1110 1111

To weight any weight upto 40 Kgms. we need only four weights
viz 1 kam., 3 kgms., 9 kgms., 27 kgms,

Since 31 =(1011)s, 32=(1012)s
to weight 31 kgms. we use weights of 27, 3 and | kgms., while
to weight 32 kgms. we usc weights of 27 and 9 kgms. on one side and
of 1 and 3 kgms. on the other side. _

The children may express all numbers upto 40 in terms of
pumbers 1, 3, 9, 27 and 4 and — signs. TFhus

0=274+9-3—1 ={1 1 —1 -1}

35=27+9—1 = (110 ~1)

38=27494+3—1 = (111 =1}

Similarly they may also express all numbers upto 121 in terms
of fumbers 1, 3, 9, 27 and 81 and - and — signs. Here use of
modified ternary scale is useful. The number

(abcd)
in this scale means, aX ¥+bx P+ex3+dx3+ex 3

where a, b, ¢, d, e may be any one of the three 1, 0and —1.

Similarly the chitdren may try to express all numbers upto 170
in the form : '

ax 43-+b x4 ox 414-dx4°
where a, b, ¢, dmay be —1,0, 1, 2.

Experiment 293. Patterns in Factorization on Primes.
{a)} Ask thechildren to find prime factors of some given numbers
e.g. different children may find
180=2x2x3x3 x5,
180=5%3x2X2X3,

180=2x3x5%2x3
180=3x5%x3x2x2



Different children will get different factorizations but they will get the
same factors, possibly in different orders. They may ury with a large
number of numbers and they will find that this pattern of unique
~ factorization, except possibly for order, always persists,

Children may use the tests of divisibility given in Experiment 96
and first divide by 2 as many times as possible, then divide by 3 as
many times as possible and in the same way use 5,7, 1 I, 13, as
divisors successively. They may also use the index notations e. g
they write

180=2zx32><5!, 420==22x 31 x 51 x 71
5= x8x7, 900=-22 % 32 x 52,

{&) Let the children muiuply iwo numbers and express the

product also in the index notation e.g.
180 % 315=56700 =2 ><34><52><71
180X 420=75600 =29 5x T
315x900=283500. =223 x5! :

What pattern do they find 7 Let them discover that when they
muktiply two numbers, the indicés are just added. They may be able
to explain this themselves.

{c) Let the children find the H. C F.of twoor lhree numbers e. g

Numbers Numbers in index H.CF. H.CF. in index
notation . notation
180, 315 2235, 3 ST 45 x5
" 180, 420 2BPx 3% 51 By 35T 60 AT
180, 315,420 2%x 32w 8L 3Fx ST, . '
' BxREHRT 15 x5

What pattern do t' ey find 7. In the first case 3! and 5! occur in both
numbers and they also occur in H.C.F. 'In the second case 2% and 5t
oceur in both numbers and they also cccur in the H.C.F. Moreover
the first number has 3% and second nimber has 3 as- factors and
H.CF. has 3! as g factor. Thus the H.C.F. has always the smaller
index. Let them try to generalise the result,

{d} Lei the children find the L C.M. of two or thre:a numbers

e.g.
© Numbers MNumbers in index L.C:M. L CM. in
notation Y index pota-
‘ : tion
180, 315 2P xS, Y ST 1260 28x 32X S1% 71
180, 420 BPX IS, Px IS 1260 2SI

180, 315, 900 22 38x 5%, 32 S0 74, 22330 52 6300 2 Rx SEX T

ways.t ' 3

~In this case thé factors of L.C.M. are obtained by taking the largest

of the indices in the numbers. Let the children verify this in a large

number of cases.

Experiment 294. Patterns in Interesting Numbers,

{g} Ramanujan’s number. The famous mathematician
Hardy who helped Ramanujan very much, once went te see Ramanu-
jan who was ill. He said he had travelled in a taxi with number
1729 which appeared to be -2 dull number with no interesting
properties. Ramanujan who was a friend of almost every nomber
said, “No, it is very interesting number ; it is the smallest number
whzch can be expressed as the sum of two, cubes in two dnﬂ“crent-

1729-mﬂ+93 Nee128 = {4 77D
Let the children find these pairs and show that no smaller number -
has this property. Let the children aiso find the smallest number
which can be ‘expressed. as the sum of two cubes in three different.
ways, as the sum of three cubes in two different ways and in general
as the sum of m mh powers in p different ways, for small values of
m, n, p. This will give them sufficient well-motivated exercxse in.
multiplication and addition.

(p) Perfect numbers, The proper divisions of 6are l, 2, 3.
and the sum of thess divisors is 6. Similarly the proper divisors.
of 28 are 1, 2, 4, 7, 14 and their sum is also 28, A number which.
is equal.to the sum of its proper divisors is called a perfect number..
Ancients attached great importance 1o these numbers. Thus they
explained the cteation of the world in 6 davs and rotation of the moon
about the earth in 28 days because 6 and 28 are perfect numbers,
Let the children find the next perfect number. It will give them.

_sufficient practice in factorization, since the niext pumber is 496 and

one after that is 8128. The next one is 33,550,336, Let the children
verify that'these are perfect numbqrs Nobody knows whether there
is an odd perfect number or not. :

{¢} Amicable numbers, These are number pairs sach that
each number is equal to the sum of proper divisors of the other. Thus
the number 220 has proper divisors 1,2, 4, 5, 10, 11, 20, 22, 44,
55, 110 and their sum is 284, while 284 has proper divisors 1, 2, 4,
71, 142 and' their sum is '220. Thus 220, 284 give an amicable
number pair. Let the children verify that 17296, 18416 and 9363584
and 9437056 are also amicable number pairs



(@) Twin primes. Number pairs like (5, 7), (11, 13}, (17, 19)
numbers are prime and the .

are called twin primes because both
difference is just 2. Let
has been
or not,
(¢) Mersenne and Fermat numbers,
the form 2—1 and 2n
these in binary scale and s
Mersenne numbers

the children find 100. such pairs. Nobody

ee the patterns that emerge. They get
Fermat numbers

P s ok et

i1
i ) 01
1) 10001
1t1 F0000000 1
Flit 1000000000
Can they write the 10th Fermaz number
_first writing jt in decimal form 7 :
(f) Personality of numbers. [Every number has a persona-
- lity of its own. Some are prime, some are triangufar, some are square,
some are cube, some are fourth powers, some are perfect, some are
products of primes-with only first powers of every prime factor, some
are sum of squares in 2 ways, some are sum of squares in 3.-ways
only.” Let the children try to find some interesting property of every
number from 1 to 100, In this way it appears that every number is
-interesting; because suppose all numbers less than » are interesting,
then # has to. be interesting because 7 is the first number which is.
- 0ot interesting. . : ‘ ‘ -

00600001
in binary notation without

Experiment 295. - Patterns in Checking Caleulations,

-~ {a) Casting out nines. . There is a story that a primitive chief

_ used pebbles t6 count his sheep. He used fo put 5 pebble for each

sheep in' the unit’s place and when he reached ten, hé cast nine pebbles

and, p‘laced‘ﬁf;g_ pebble 'n the ten’s place. Let the children use this

- method to count 154 matchsticks. - o T

Next-let the . children learn how to find the remainder when 'a

given number is divided by 9, ‘Suppose the number is 537. They can

writeitas. . oo 0 T N R

83T 3 %10 + 5 x 100=7 304 D4 5H9+ 1

C o =04 3 %) amultipleof 9 '
1S 4 amultiple of 9
S 4+1.%x @+ 1)+ a multiple of 9
=6 + ‘2 multiple of 9

R

able to prove that there is an infinity of such twin primes

These are numbers of
+1 respectively. Let the children express

Thus the remainder is 6. They find that 15 is sum of digits of
573 and 6 is sum of digits of 15. They can do a number‘ of more
such examples, they add the digits of the numbers, they again add the
digits of this sum till they get a number between {1 and 9. Ifthesum
is ©, then the remainder is zero, otherwise it is the final number
obtained.

Next let the children note that )
{a multiple of 94one number} + {a multipie of 9-}-another pumber)
=a multiple of 9 4 sum of these 2 numbers )
and that the same rule holds for other operations.

Thus to check the result of any operation, we can carty out the
same operations on remainder and this will check the result. Thus

1234567 — 28 — 10 - 1
+3215789 — 35 —» & = §
74450356 — 2T - 9 — 9

1234567 -~ 28 ~—~ 10 — 1}
> 2 - 3 - 3 - 3
T14814804 - 30 — T3 - 3

3215789 — 35 — - 8
— 1234567 — 28 — 10 —> 1
T8I - 2B - T 7

14441 - 14 '
e | § ,3‘_
TR T

{#) Casting out elevens,  Children often make the y:istake: |
of interchanging two consegcutive digits. Thgé method of casting ou
nines cannot find it out.  Casting out élevens can ﬁx}d sach er_rors.

To check using this method, the algebraic sum of digits is ffumd
when alternative sigas are assigned with upit’s digitﬁalw‘ays positive.

34367 > 7645443 - — 5 , 5.—>‘ ’ i .
+23456 — 6—544—3+2 - ﬁ-}ML‘E‘} +4. ,
58023 > 3—2+40—8+3 | = 2~ —2+1 > 8

34567 ~» 7—645—44+3 - 3

X 12 21 e 1
414804 > 401 8—a+1—4 > 5




56784 —> 4—84+7—6+5 — 2
—34567 - T7—6+5-4+3 > —5 2-5=-3
22217 - 7—142-2+2 —»> 8 —3+11=8
1728 — 8—-247—1 - 12->2-1 -1
= 12 = 2—1 - 1= 1 =1
144 -7 4=411 - 1= 1 =71

{c) Use of Complementary Digits,

We can use this for checking results e.g.,

8415 8435 840100
A 101 - 5035
75515 P 835065
75915 3435
835065 8435
845133

Experiment 296. Patterns in Numerals,
Roman Symbels

We use complementary digits 1, 2, 3, 4, 5 in the following sense
that a B¢ d e stands for ax 108 —b.x 103 —e X 102+ dx 10 —e x 109,

~

- Thus
34356=3000—4004-50—6
1234=—10004-200+-30-+4

All numbers positive and negative can be expressed in'terms of
the following digits :
O, ls 23 3} 41 5:
9786= 10000 - 200 — 10 — 4~ =121
6781= 10000 —3000—200—20+1=13Z
13
11

2,34

L Rl

1
—6781=— 100001 3000+2004-20—1=73221
—1111 1

w—l b3 b

I

Let the children express a- number of pesitive or negative num-
bers in terms of these ten digits. - Let them do addition problems in

the notation e.g.,
8786
+1343
9431

To subtract a number, we can ‘take the number with comple-
mentary digits and add. Thus to find 8786— 1345, we find

817
+7335
79

= | 4l o

(¢} Number
1

5
10
50

100
500

1000

Egyptian Symbol
1

11iii
n
nnnnn
?

292999
A

1

v

A

loNe ol TN

=

Let the children write numbers like 1256, 456, 1947, 1968 eteo.
in both Egyptian and Roman symbols and let them read some num-
bers in Egyptian and Roman forms.

{8) Let the children prepare the following chart :

Hindu-Arabic ¢ i

i
I

Egyptian 1

Greek oL

Mayan

Brahmi }
(India 300 B.C.)

Arabic
Devnagari s ¥
Urdu - ;
|
!

Abacus

Roman *

A |

Binary 0
Ternary ¢

2 3 45 6 7 8B % 1015 20
T HE s 0 0 o
H oWV vV VIV VI K X XY XX
N I 1 1 T I e R 1 nn
B Y 8§ € S L v o0 § i Xx
== Y b & 7 = 7

MM 9 < A9

22 ¢ 4 §E 9 v 4

LA o A 4

4L 100 191 HD itk 100D 00l

2 101 r 20 2t 22 00

_{c) Let the children try to do some arithmetic problems of
addition and mulitplication in Greek, Roman or Egyptian notation
and see the advantages of the place value system introduced by

&ncient Indians.
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Famous Mathematicians

297 to 300

\ Experiments :

Lives of famons mathematicians of ancient
times,

Children love stories and they will be interested in know_ing
about great mathematicians of ancient and modern times, The ltlves
of great mathematicians can be used to illustrate many mgthemaucal
and scientific results and provide inspiration to the chlldren_ and
motivation for learning mathematics. New concepts can be intro-
duced to receptive children when talking about some mathemati({ian‘
Some of the incidents in their lives mayv create an impact on the minds
of children which may last them their whole life-time.

Experiment 297.

Thales (624 to 548 B.C.)

He was one of the seven wise men of Greece and has been des-
cribed as the first man to be called worthy of the title ‘man of science’.
He predicted the eclipse of the sunin 585 B.C. and thus created peace
beiween warring tribes. He aiso measured the heights of Egyptlan
pyramids by using mathematics. There is also the story of his mule
who used to role in a stream of water to lighten his load of salt.
Thales taught him a Tesson by loading him with sponges. _Tha]es also
found many interesting results in geometry. Tell the children about
eclipses and pyramids.

Pythagoras (572-507 B.C.)

He was a student of Thales and discovered the thecrem that the

square of the length of the hypotenuse of a right angled triangle is
equal to the sum of squares of the Iengths of the other two sides (see
experiment 250). This theorem was however discovered earlier in
Indiz. His followers formed a secret society and all tesults found by
them were attributed to Pythagoras. The Pythagoreans believed that
odd numbers were divine and male and even numbers were earthly
and female. They discovered the five regular solids {sec experiment
276) and believed that these represent the elements of the universe :
tetrahedron fire, cube-earth, octrahedron-air, icosahedron-water and
-dodecahedron—the heavenly sphere, They -also discovered the pro-
perties of triangular numbers, (see experiment 146). They also studied
mathematics of music and by studying the shadow cast by the earth
on the moon deduced that the earth must be a sphere.

Zeno (About 450 B.C.)
Zeno convinced many that a hare could not overtake a tortoise

.if the tortoise was given a headstart.

A B C D E
Suppose initially the hare is at A and torloise is at B. By the
time hare reaches B, torteise is at C'and by the time hare reaches C,
tortoise is at D and sec on, so that. tortoise is always ahead of the

hare. Can the children find an answer ? The answer requires higher
mathematics.

Plato (430 B.C.—349 BC)

It is said that at the entrance of his Academy was written: “Let
no man ignorant of geometry enter here,”” This shows his great respect
for mathematics. He insisted that in all geometrical constructions,
only ruler and compasses should be used. There were three cons-
tructions which could not be done by ruler and compasses only, viz.,

{f) Trisection of a given angle i.e., its division into 3 equal paris.

(if) Construction of a square equal in area to a given circle.

(iif) Construction of a cube twice the size of the given cube.

For 2000 years, people tried to do these constructions with ruler
and compasses only and failed. However recently it has been proved
mathematically that these comstructions are impossible, if only ruler
and compasses are to be used. Children will study the proof when
they grow up and learn higher mathematics. Plato believed that



mathematics should be developed primarily for its own sake and only
secondarily for its application. He wanted that in its teaching, learn-
ing and amusement should be combined.
Euclid (About 365 B.C.)

Buclid collected and systematised ail known results in geometry in

His famous book known as Euclid's Elements which consists of thirteen .

scrolls. - The first six of these included the properties of iriangles,
parallelograms, circles, polygons, etc. He filled in gaps in the theo-
rems and added problems. His book has had a great influence on
~the development of mathematics and science and is one of the few

.?;ooks which continue to be taught even after more than 2000 years of
its having been written. ’

Archimedes (287 B.C.—212 B.C.)

He was the greatest mathematiclan of ancient times and he is

considered to be one of the three greatest of all times. Unlike other
"Greek mathematicians, he made practical use of mathematics in war,
The story is told of how the king ordered him to find whether a crown
‘made for him was of pure gold or whether it consisted of some
<cheaper metal also. He thought and thought over it and ultimately
found the solution when he was taking a bath.
thathe ran down the street shouting ‘Eurcka, Eureka’, which means
‘I have found it". The children will study the principle he discovered
in their science course. Archimedes also discovered the principlz of
Yevers and he is reputed to have said : “Give me a place to stand and
I can use a lever to move the earth,” Archimedes found the value of
= (the ratio of circumference of a circle o its diameter) correct to twe
decimal places. In Indiz it was found much more accurately later.
Recently the computers have been used to find its value correct even 1o
2000 decimal places. 1f possible, teil the children about Archimedes
:principle, levers and computers. Archimedes was killed by a soldier
-when he was engrossed in solving a mathematical problem. He told
the soldier : ‘Go away. Don't spoil my circles.” Good mathematics can
‘be done when people get so engrossed with it,

Eratosthenes (278 B.C —194B )

Eratosthenes measured the circumference of the Earth by using
a mathematical formula and his value of 25,000 miles was almost
correct. He gave the *sieve’ method of finding prime numbers (se2
experiment 60).

He was so excited

Appollonius (About 225 B.C.)

He is famous for studying the properties of conics. These are
curves obtained when a cone is cut by planes perpendicular to the
axis (giving a circle) inclined to the axis {giving an ellipse), parallel to
the axis {giving a hyperbola), parallel to a gemerator {giving a para-
bola}. The sections can be shown to the children. Theycan al.s? be
seen on a well when a light from a torch is thrown on it at various
angles. These curves werg studied because they were interesting.
More than fifteen hundred vears later, it was shown that the varigus
planets move about the sun in paths whicly are ellipses. The satellites
also move round the earth in elliptic orbits.

Indian Mathematicians.

Indian mathenaticians made important contributions to mathe-
matics in this pefiod though no names are known, because it was not
the custom in India to write names. In arithmetic, the Indians gave
the decimal system, the place value system and zero. The zero existed
in India before 200 B.C. Children can realize the importance of Fhe .
place value system when they find how complicated it is to do arith-
metic in Roman or Greek or Egyplian systems. Laplace wrote S *“The
idea of expressing all quantities by nine figures (or digits) whE}'c.:by %5
imparted to them both an absolute value and a value by position 1s
so simple that this very simplicity is the reason for our not being
sufficiently aware how much admiration it deserves.” Prof. Halstead
wrote recently : “The importance of the creation of zero mark_ can
never be exaggerated. This giving to airy nothing, not merely a local
hahitation and a pame, a picture, a symbol but helpful power, is the -
characteristic of the Hindu race whence it sprang. It is like coining
the Nirvana into dynamos. No single mathematical creation has been
more potent for the general on-go of intelligence and power.”

In geometry, in the seven Sulva-sutras written in the period 800
B.C.—500 B.C. many important results given later by Greeks are given
inciuding the theorem known after Pythagoras but which should
correctly be called *Sulva Sutra Theorem®. Pythagoras gave _the
general solution a=2a + 1, b=2n*+2n, c=2i%+2n+ 1 of the equation
a2+ bt=c2 The last two numbers differ by unity. The Sulva Sutras
mentioned solutions (3, 4, 5}, (5, 12, 13), (7, 24, 25), (8, 15,17}, {12,
35, 37), (53, 12¢3, 1393, (1542, 36¢2, 19472} ete.  Later }Eirahm
Gupta (628 A.D.) gave the general solution m—nt, Zmm, pit--a®, The'
Sulva Sutras also showed a knowledge of irrational numbers two of



three centuries before Pythagoreans could who discovered that 42 was -

irrational, but were afraid to disclose this fact to others.

The Jainas treated mathematics as a part of their religion and
gave many results in Arithmetic and geometry. They gave n=+101in.

500 B.C. They also discussed permutations ané laws of indices.

According 10 a Russian author “Geoun..ry was created in India”.
He alse gives the proof of the formuic fgr the area of the circle as
having been found by an Indian mathematician Ganesa in 3000 B.C.
There was no mathematician of this name in India. This reference is
perhaps to lord Ganesa. [t states that this proof is given in a temple,
but it is not known which temple is being referred to.

Experiment 298. Lives of Famous Mathematicians of Middle:

Period.

Diophantus (About 275 A.D.)
He was one of first Western mathematicians to use symbols.

Diophantus was concerned with the determination of rational

solutions of the equation by—ax=c and also particular cases of
equation of the form y*=ax®+ec.

The problem of soiving the equation by—ax=¢ for x, y as.

positive integers when a, b, ¢ are given integers is called Diophantus
problem, though mars proparly it should be called Arya Bhatta or

Kuttaka problems as this problem in this form was first considered’

by Arya Bhatta (499 A.D.) by a method known as Kuttake.

Arya Bhatta (About 500 A.D))

In his famous book Arya Bhattecya, he gave methods for
finding square root and cube ront and stated the value of w to be

3-1416. He gave tables for sines and cosines and gave the methed of”

solving the equations known after Diophantus.

Brahmgupta (about 630 A.D.)
He gave a method for solving the indeterminate equation
Nx?+4+1=32, a general formula a-2 mn, b-m*—n?, c=m?+n? for

solving a?+4-b%==c?, results for cyclic quadrilaterals and was the first.

mathematician to give interpolation formulae using second order

differences. Bhaskara called him Ganita Chakra Chudamani i.e. gem.

of the circle of mathematicians and he richiy deserved the title.

Al-Khowarizmi (About 820 A.D.)

He was an Arab scholar who used Hindu numerzls to solve
equations. A corruption of his name became ‘“algorism’. Fora
long time algorism meant reckoning with Hindu-Arabic numerals.

Mahaviracharya {About 850 A.D.)

He showed that a number times 0 is 0. An important feature
of his treatment of division of fractions was his rule to invert the
divisor and multiply. He gave the following ‘garland’ products which
resemble a pgarland since these gave same numbers read from left to

right or right to left. They will be of interest to the children.

139 129=15151
27994681 x 441 =1234565432

123456799 =111111111
333333666617 <33 =110000111000011
142871437 =100010001
142857143 x7 =1000000001

152207 %73 =111111111
11011011 x 91 =1002002001
He solved problems on quadratic equations, gave the general
formulae for "Cr, expressed any fraction as the sum of unit fractions,
solved some problems for cyclic quadrilaterals and was the first
Indian mathematician to refer to the ellipse.

Omar Khayyam (About 100 A.D.}
He was a great Persian poet famous for his Rubaiyats. He
wrote the best book on algebra produced by the Persians

Bhaskaracharya (About 1150A.D.)

Bhaskaracharya was the author of the Siddhznta Shiromani
which is divided into four parts namely Leelavati, Beejganita,
Goladhyaya and Grahaganita. The first dealt with arithmetic and
geometry, the second with algebra and the last two deal with
astronomy. He derived inspiration from the work of other
Hindu mathematicians like Sridhara, Padamnabha, Brahm-Gupia
and Mahaviracharya, but he systematised their results. and
added his own contributions. There is a story that Bhaskara-
charya had a daughter by the name of Leelavati and Bhaskaracharya
came to know from her horoscope that her married life
would be cut short umless her marriage was performed at a
particular moment. He made a sand glass which was a device in



which sand flows from one vessel 1o another through a small orifice
in a fixed interval of time. However as luck would have it, on the
day before the marriage, Leelavati peeped into the vessel and a
stone from her nose ring fell into the vessel and refarded the flow
of sand and so she could not be married at the auspicious moment.
To console her Bhaskara taught her arithmetic and named the first
part after her name. There is however no basis for this story and
it may not be correct. Leelavati starts with a prayer to Lord Gapesa
and then has the following sections : the number systems, the eight
operations (additions, subtraction, multiplication, division, square,
cube, square root, cube root}, fractions, zero, rule of three, mixture,
interest, progressions, geometry, mensuration, kuttaka and permuta-
tions. Bhaskara found the area and volume of a sphere by method
of sunymation used in integral calculus. He also gave the concept
of instantanecus motion and initiated the study of differential
calculus and suggested that the differential coefficient vanishes at an
extreme value of the function. Differential calculos was given a
good beginning by Bhaskara, but it was not developed in India later
and was re-discovered more completely by Newton and Leibnitz,
Bhaskara also made important contributions to trigonometry.

Fibonacci {(About 1200 A.D)

The well-known Fibonacci series is known after him.
also called Leonardo Pisano.

He was

Experiment, 299, Lives of some Famous European Mathema-
ticians.
Copernicus (1473—1543 A.D.)

He was a famous Polish astronomer and mathematician. He
first pave the theory that the earth moves round the sun and that
the moon merely reflects light received from the sun.  He alse wrote
a book on trigonometry as 2 help in the study of astronomy. His
book on astronomy was published in 1543, the year of his death but
the book was banned for a number of years, as religious bodies
were aganst it,

Vieta (1540--1603 A.D.)

He was among the first in Eorope to use letter to represent
numbers in algebra and often used vowels for unknowns and
conspnants for constants.

supported Copernician theory.

“verify these).

Napier (15501617 A.D.) _

He invented Naperian logarithms i.e. logarithms to base ¢ whicl:
the children will read fater. He also invented Napier rods which the
children have read about.

Briggs (1561—1631 A.D.)
He invented the common Iogarlthms to base 10 which are
useful for multiplication and division problems.

Galelio (15641642 A D)

He was an Italian mathematician who found the time of
oscillation of a simple pendulum by considering the way in which
the cathedral lamp in his town swung to and fro and he used his
pulse beats to time it. He started the study of dynamics by throwing
stones from the leaning towers of Pisa. He showed that the
speed of a falling body jncreases by 32 feet per second. This
was against the Greek theoty that heavier bedies fall more quickly
than lighter bodies and he had to resign his university position
because of this dircaverv. He made a telescope and his observations
He discovered the four moons
which orbit around Jupiter, the largest of alt planets.

Kepler (15711630 A.D ) -
On the basis of his and earlier observations of Tyche Brahe,

' Kapler deduced his famous Jaws of planetary motion according to one

of which planets move round the Sun in eiliptic and not circulas
orbits.

Descartes (15961650 A.D.)

He is known as the father of modern philosophy and of
analytic geometry. He said, I zh;ric therafcrt Texist.” Cartesian
coordinates are named after him.

Fermat (1601 to 1665 A, D)

He was the greatest mathematician of the seventeenth centur,
and is called the prince of amateur mathematicians since he worked
as a king®s councillor and not as a professional mathemjatician, He
stated many theorems without proof which were Jater proved by
others ¢.g. he stated that every prime number of the form du-1
can be expressed as the sum of two squares in one and only one way
and that »—r is divisible by p where pis a prime  {let the children
He also stated that he had found 2 marvellous proof



that x"4+3p"=z" has no solution in integers when n>>2 (let the
children try to find a soluticn). This theorem known as Fermat’
theorem has not been proved till today.

Pascal (1623—1662 A.D.)

When young he was weak. His father advised him, therefore,
not to tax his brain with mathematics, This aroused the curiosity
of the child and he began to study geometry. At the age of 11, he
had studied the first 32 propositions of Euclid and at the age of 16,
he had written a complete treatise on conics. He also found
the Pascal triangle while solving 2 problem on probability.
The triangle was however known to Jain mathematicians in India
about 1000 years carlier,

Newton (1642—1727 A.D.)

He is considered as ene of the greatest, if not the greatest,
mathematicians of all times. He was one of the inventors of calculus
and made fundamental contributions te mechanics. gravitation,
optics, planetary motions etc. He discoversd calcalus, which he
called fluxions in 1666, but did not-publish kis findings tilt 1687. In
the mean time Leibniz, u German mathematician, made an identical
discovery in 1684, There was a bitter dispute as to who discovered
* this important subject first. It is now agreed that both obtained
their results independently.

Leibniz (16461716 A.D.)) o ‘

" He is one of the founders of caleulus. He also invented the
biniary system used in computers and dreamt of ‘mathematical logic
88 a school boy, He was also a great philosopher.

Euler (17071783 A.D.)

" He was a Swiss mathematician and he he%ped the Ctarma of

Russxa in suppressing Dideriots irreligious views by using mathe-
matics. . Dideriot used to say “Ged does not'exist”. Euler said
- a+?‘bx”=x, hence God exists. Dideriot did not know mathematics
T - . : .
and so he admitted defeat. He wrote thousands of pages of mathe-
.matics and he created a good deal of mathematics even after he had

. become almost totally blind.

Lagrange {1736—1813 A.D.)

He was a French maihematician and studied dynamics,

hvdrodynamics, caleulus of variations etc.

Laplace (1749—1827 A.D.}

He was a French mathematician who was educated by those
who recognized his abilitv. His well-known equation plavs an
important role in mathematics.

Fourier (1768—1830A.D.)
He was a French mathematician who developed Fourier series
to study problems of heat ¢conduction.

Gauss (17771835 A.D.)

He is considered. along with Archimedes and Newton, as one
of the three greatest mathematicians of all times. He was the first
to anticipate a non-Euclidean geometry, though he did not publish it.
He could do complicated problems at the age of 3 and he surprised
his teacher by finding the sum of numbers from | to 100 in a few
seconds. : '

Caunchy (1789—1857 A.D.) 7
He was a French mathematician who - made fundamental
contributions to complex analysis. ‘

Abel (18021829 A D)

. Though he died at the early age of 27, he did very good work
in Algebra and Analysis. He proved that a general equaticn of  the

“fifth degree conld not be solved in the same sense in- which equauons

of lower degrees could be solved.

Moebius (17901869 AD): : :

. He was the first to introduce homogeneous coordinates which
are accepted taols for algebraic methods of algebraic geomeétry. He
is considered as one of the founders of modern science of topology.
The -Moebius strip, a surface with only one smle is easy to make and
the children like to stody its propetties.

Lobachevsky (1793—1856 A.D. Y
This Russ:an mathematician was perhaps the ﬁrst to. pubhsh a -

. real]y systematic trcatment of non-Euclidean geometry



Bolyai (1802—1860 A.D.) :
He aiso constructed a non-Euclidean geometry and published
it as an appendix to his father’s book.

Hamilton (1805—1865 A.D.)
He was an Irish mathematician who discovered quaternious.
He perceived that an algebra where multiplication was not con-
mutative was possible. He brooded over the problem for many
years and he suddenly conceived of it when walking along a canal.
He immediately took out his pen knife and carved there i?=j*=k?
=jjk==—1 which was the basis of his systems of quaternious.

Experiment 300. Some Mathematicians of the Last Centuty
Weirstrass (1815—1897 A.D.)

He was a German mathematician who laid the foundations of
a rigorous study of calculus.

Cayley (1815—1897 A.D.)
He was an English mathematician who made important contri-
- butions to matrices.

Boole ({815—1864 A.D.)
He was an English mathematician who laid the foundations of
modern mathematical theory of logic in his book. ‘laws of thought’.

Re:mann (1826—1866 A.D.}
He laid the foundations of Reimannian geometry which was
later used by Einstein in his theory of relativity.

Dedikand (1831—1916 A.D.)
He was a German mathematician who gave a rlgorous theory
of real numbers through his concept of cuts.

Poincare (1845—1%12 AD) _

He was a French mathematician who contributed greatly to
mechanics, probability and topology. He is believed to be the
last all-rounder in mathematics.

Cantor (1845—1918 A D.)
He was a German mathematician who created the fundamenm]

theory of seis.  His theory made it as easy for mathematicians to
denl with infinitc numbers as they had found it earlier to deal with
finite numbers.

Kovalusky (1850—1935 A.D.)
She was a Russian mathematician who made important contri-
butions to differential equations.

Peano (1858—1932 A.D.)

He was an Italian mathematician who is considered as one of
the creators of modern logic. He gave axiomatic treatment of the
natural number system.

Hilbert (1862—1943 A.D)

He was a German mathematician who made a deep study of
foundations of geometry and was the leader of the formalist school
of mathematics.

Einstein (1879—1955 A.D.)

He invented the theory of relativity that challenged
Newton’s machanics after 100 years in some respects. He wasa
dull student and at the age of 16 was expelled from school for poor
marks. After 22, he did such good work thai he is considered one:
of the greatest mathematicians and physicist of all times,

Ramanujan (1887—1920 A.D.)

He was the greatest mathematical genius whom India has
produced in recent times. He re-discovered for himself the work of
three centuries of mathematics in Europe. Later he was. discovered
by Prof. Hardy of Cambridge. He died at an early age, still he did-
very good work.

Von Neamann (19031957 A.D.)

He was a Hungarian mathematician who made important
contributions to quantum mechanics and operator theory. He was
one of the inventors of the theory of games which is used in economics
and war. He also made important contributions to computers. He
learnt college calculus at the age of 8.

Weiner (18951964 A.D.)
He founded the science of eybernatics which is science of
control in man and machines. He was also a child prodigy.



EXERCISES

1.* Find the pairs of consecutive members (< 1000) whose sum
is a square number. Discover the nature of such square numbers.

44 S= 9 12+13= 25
24+25= 49 40-+41= 81
84185169

60+ 61==121

2. Find the pairs of consecutive odd numbers (<< 1000} whose
sum is a square pumber. Discover the nature of such square numbers.

7+ 9=16
31+33=64

1+ 3= 4
17+419==36

3. Write numbers from 1 to 1000 and draw circles round the
pairs of exercise 1 and discover if there is any pattern in the number
of numbers left in the gaps.

L 2.3.@X5) 6 7. 8.9 10, 11.712)(13).14,15,16.17.18,19, 20,
21,22,23.(24).25). 26. 27, 28.29. 30, 31. 32.33, 34,35, 36.37,
38. 39.(40).(41).42, 43. 44,45, 46.47. 48, 49,50 _________

4. Write odd numbers from ¥ to 1000 and draw circles round
the pairs of exercise 2 and discover if there is any pattern in the
number of numbers left in the gaps.

M@, 5. D3, 1. 13, 15, 47
(9, 21, 23, 25. 27. 29. 31, @3

*The first ten exercises have been suggested by
Shri P.K. Srinivasan of Kanpur Study Group.
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5. Find out if there are any pairs of consccutive even numbers
whose sum is a square number,

6. Consider the Pythagorean triplets
(3,4, 5), (5, 12, 13) {6, 8, 10) {7, 24, 23), (&, 15, 17,
(9, 40, 41),ccecmenne .
Note that X o
455=3, 12413=5 8+10=T 2412527, 154171,
404-41=5%..... v
Cemment on the pattern.
7. Assume incomes for A and B. Express A’s as such moref

less than B's and B’s as so much fess/more than A’s. Tabulate as
follows :

A B
Rs. 2000 Ks. 3000
1 1
— 5

This meaus that A gets—i; less than what B gets and B gets-%— more

than whar A gets.

Show also that

A B A B
S a2
4 2 4
TR

Discover the patfern.

8. Using only one and two paise coins, find the number of
different ways i which ene can pay amounts of one paisa, two paise,
three paise onlv and sbow that these numbers form a Fibonaci
sequence.



9. Continue the following rational approximations to +2 to
get the value of +/2 correct to four decimal places.

Ixi=1 I'lx11=121 141 x 1441 =1-9881
-
12x1-2=144 l 142 % 1°42==2-0164
£—
3% 1°3=1"69
2% =4 1'4%14=196
—
1'$x 1:5=2"25

Do the same for 3 and V5.

10. Study the pattern in the capacities of rectangular boxes
made from a sheet of 12 cm.x10 cm. when square corners of
“ifferent sides are removed and the sides are folded.

10cms dems

Zemy

When is the capacity maximum ?

Side of square Box dimensions Capacity
corner in cm. incm inc.c.

‘% 113 9! 2 49%

1 10, 8, 1 80

i3 9,7, 1% 943

2 86,2 96

23 7,5,2% 87%

3 6,4,3 72

11, Factorise x"—1 for various values of # and show that the
absolute value of each coefficient in each factor does not exceed unity,
upto n=104, but that for n=103, x1%—{ has a factor.

x48+x17+ x‘iﬁ__ x43_,_x§2 o zxdl_x'iﬂ_*x:}? +185+x35+ de + x33+x32
B R . LN NI LCRC LI, IS DRIPS NI TS B
2% e 37 x%b %4+ x 4+ 1 in which the absolute value of the coeffi-
gients of each of x7 and x5 2.

*12. Each of the prime numbers of the form 4n+1 (ie., num
bers 5, 13, 17, 29, 37, 41,...... ) can be expressed as the sum of exactly
two squarc numbers, while each one of the prime numbers of the form
4n-+3 (i.e., numbers 3, 7, 11, 19, 23, 31,...... ) can not be so expressed.
Verify the result for all prime numbers less than 1000,

5=174-2% 13=224.3%, 17=12442 29222452, 37=1246¢,
41=424.52 53=284 72 ..

**13. Prepare 2 table of prime numbers less than 300 in the
following manner :

Form Prime Numbers
() 4n+1 5,13, 17, 29, 37, 41, 53, 61,......
i) 8n+1 17,41, 73,89, 97, ...... ' -
(iify 8n4-3 43, 59, 67, 83,......
(ivy 8rn—1 7,23,31,47,71, 79, ......
» 6at1 7,13, 19, 37, 43, 61, 67, 73, 79, 97,......
(vi) 12041 13, 37, 61, 73, 97,......
(viry 20m+-1 41, 61, 101,......
(viii) 20n+9 29, 89,......
(ix) 10n4-1 11, 31, 41, 61, 71,......
(x) 10n4-9 19, 29, 59, 79, 89.......
(xi) 14n+1 29, 43, 71,......
(xify 14n+9 23,37, 79,......
(xiti) 14n-1-25% 53, 67.......

Verify that each number of (i) can be expressed as x2-+y2, each
number of (if) and (iii) as x*+2y% each mumber of (ir) as x?—2)2,
each number of (v) as x?4-332, each number of (vi) as x2—3y?, each
number of (v#i) and (viii) as x2+ 5y, each number of (ix) and (x) as
x?—23)2, each number of (xi), (xii) and (xiii) by x24+7% and so on.

14, Verify that the following are solutions of x¥-)*4z3=y2
(1,6,8,9),(3,4,5,6), (18, 19, 21, 28), (7, 14, 17, 20), (19, 60, 69,
82), (15, 82, 89, 108), (3, 36, 37, 46), (1, 135, 138, 172).

Find two more such sets.

*This result is known as Fermat’s theorem.
**Exercises 13—20 are based on Ramanujan’s note-books.



15. Verify that the foHlowing are solutions of
D A - VLR LRI
4,6,8,9,14,15), (1,2, 12,24, 44,45), (4, 21, 22, 26, 28, 35),
(4, 8, 13, 28, 54, 55), (1, 8, 12, 32, 64, 65), (22, 28, 63, 72, 94, 105),
(22, 52, 57, 74, 76, 95), (2, 39, 44, 46, 52, 65).
Find two more such sets.

16. Verify that the following are solutions of
b i A ST LR SEE o
(4,5,6,7,9,11, 12), (5, 10, 11, 16, 19, 21).
Find one more such set.

17.  Verify that the following are solutions of

oyttt 4 it

(2,4,7,3,6,6), (3,7,8,1,2,9, (6,9, 12,
Find one more such set.

2,2, 13).

18. Verify that the following are solutions of
xtpylbti=ut i b
(2,2,7,4,4,5,6), (3,9, 14,7, 8, 13), (7, 10, 13, 5, 5, 6, 14).
‘ Find one more such set.

19. Show that the smallest number which can be expressed as
the sum of two cubes in 2 ways is 1729. Verify also
1729=103+4 95=123413; 4104=16°+23=153+92
13832==243423==200+18%; 40033=343-195=33%+16%
64232392+ 178=36%+26%; 110808=48%1-63=453+27%
635,318,657=134%4 1344=5044 1585,

Express 842751 as the sum of two cubes in two ways.

20. Verify that the following satisfy the pattern
a-tbtet...=p+g+tr...
and a® bt .co...=pPgirr
11, 11.22.6%=3%,33 44
11,11,22,38 44,55, 65=3%,33.33 44 44 55
11,8890 =33 38,1212
11.33,12%.20%0 =1 535, 1 616
1%.44,2020 3020 = 68,2424 2525,
Find one more such example.

*21. Verify the following :

{) 1612416224163+ 16424 1652+ 1662+ 1672+ 16824 1692+
1703+ 1712417284 1732 4 1 742 4 1 758=2432{ 2442+ 2455
2462+ 24721 2482 1 2492

(if) 236142372+ 2387423921 2402 4 24124- 24224 2432 4-2449=
318243202 4+-32224- 3242 1 3262

(i) 174 x175+175x 1764176 X 1774177 < 178 4178 x 1794
179 x 1804180 % 181 181 x 182=503 x 504,

*+22. Multiply 12343678987654321 by 108, 162, 207, 225, 243,
405 and comment on the results,

23, Multiply 207 by |21, 12321, 1234321,
12345654321, 1234567654321, 123456787654321,
and comment on the results.

123454321,
12345678987654321

**%24.  Verify

4556 =35%53+37X73=26x%62+46 x 64
5040=15x351+57x75=24 X 42+ 48 % 84
6328=37x73439%93=28x 82148 x84
5239=17x 71448 x84 =39 % 934-26 X 62

Observe the pattern and express 2620, 3908, 6976, 7460, 9880,
3709, 4151, 6613, 8549 in the same way.

25. List all the divisors of all composite numbers less than
500. Also factorise each number into prime factors. Factorise also
the number of divisors. Givethe relation between the number of
divisors and the powers of the prime factors.

360==2%3%5 has 24 =312+ 1)(1+1) divisors.

26. A number s said tobe perfect if the sum of its divisors is
twice the number. Show that 64nd 28 are perfect numbers.

27. Consider the polygonal numbers represented by the ﬁgures
at the next page.

*Patterns found by M. N. Khatrj,
**Patterns found by D. R. K#Prekar,
**4Patterns found by R.V. Iy



Ronk 4

Rank | Rank 2 Rank 3

A

N
|

| |

Figures in the first row are Triangular.

Figures in the second row, are Square.
Figures in the third row are Pentagonal.

Prepare the following table :

Rank
Number Ist 2nd 3rd 4th 5th 6th 7th 8th 9th 10th lith 12th
Triangular 1 3 6 10 15 21 28 36 45 55 66 78
Square 1 4 9 16 25 36 49 64 81 100 121 144
Pentagonal 1 5 12 22 35 51 70 92 117 145 176 210
Hexagonal 1 6 15 28 45 66 91 120 153 190 231 276
Hesptagonal 1 7 18 34 55 81 112 148 189 235 286 342
Octagonal 1 8 21 40 65 96 133 176 225 280 341 408

Note the patterns in this table.

(i) Differences between consecutive members of a row are in
arithmetic progression and the common differences for
different rows form an arithmetic progression.

(i) The numbers of each column are in arithmetical progression
and the common differences between various columns are
themselves in arithmetic progression.’

(iif) A square number of a certain rank is the sum of the tri-
angular number of that rank and the triangular number of
the preceding rank.

(iv) Every octagonal number is equal {o its rank plus the tri-
angular number of preceding rank multiplied by 6.

{v) Eight times a triangular number is a square number. Give
geometrical interpretations of each and notice other similar
patterns.

28. Show geometrical]y that
(/) every hexagonal number is equal to its rank plus four times
the triangular number of preceding rank.
(i) nine times of triangular number of rank 7 plus one is a
triangular number of rank 3rn4-1.

29, Show that
(i) a pentagonal number cannot end in 3, 4, 8 or 9.
{(#) a hexagonal number cannot end in 2, 4, 7 or 9.

30. Find two numbers, neither equal to umity, which arc

‘simuitaneously square and triangular,
i

31. ‘A figurate number of any order in three dimensions of a
certain rank » is the sum of n figurate numbers of that order in two
dimensions. In the same way, a figurate number of any order of four
dimensions of a certain rank n is the sum of n figurate numbers of
that order in three dimensions.  Prepare tables for figroate numbers
of different ranks in three and four dimensions. Give geometrical
interpretations wherever possible. The table of question 27 gives
figurate numbets of order 3, 4, 5, 6, 7, 8 of dimension two.

32. Show that all positive integers x which make x (x+ 180)

-4 square number are :

x=12, 16, 60, 144, 320, 588, 1936.



33. Represent in all possible ways 1547 and 1768 as a
difference of two squares.
[1547=7742— 7732 =114 —107*=66*— 532 =542 —37*
1768-=4432—4412=2232-2192=47t—212=43* - 92}

34. Two numbers are said to be *amicable’ if each equals the
suin of proper divisors of the others (i.e. not considering the number
itself as a divisor)

Show that 220 and 284 and 17296 and 28496 are amicable pairs.

35, A chain of numbers is said to be ‘sociable’ if each is the
sum of hte proper divisors of the preceding number, the jast being
considered as preceding the first number of the chain. Show that
the following numbers form a ‘sociable’ chain.

14288, 15472, 14536, 14264 1249¢6.

16. Show that for n=2, 3,4, 6,8,12, 18,24 and 30, the
numbers less than n and relatively prime to » are unity and primes.
Does this property hold for any number greater ahan 30?7 No.

37. 24 is a number divisible by all numbers not exceeding its
square foot. See if youcan find a number greater than 24 with this
property, (This is not possible.)

38. Verify (for n<20) that 1 x2x3x4...... x(n--1) is divisible
by n if and only if n is prime (Wiison’s Theorem).

39. Verify for some n and p that n7~'—1 is divisible by p if n
is an integer not divisible by the prime number p (Fermat’s theorem).

40, Verify (for n < 100) that every even number greater than 2
is a sum of two primes (e.g., 30=13+17).
(Goldbach’s conjecture which is still unproved)

41. Verify (for n< 100) that every number n can be expressed
as the sum of 4 or less squares or as the sum of 9 or less cubes.
{Warings conjecture)

42. Consider the series of Fibonacci viz.

1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1591,
...... in which each term is the sum of the preceding two. Guess the
relations, if any, between

(@) square of the nth term and
() product of (z—1)th and (n+ 1)th terms
(7)) product of (n—2)th and (n-+2)th terms
(1if) product of (n—3)th and (s--3)th terms
{iv) product of (n—4)th and (n+4)th terms
and so on.
(8) product of ath and (n+ 1)th terms and
_ (f) product of (m—1)th and (14-2)th terms
(#) product of (n—2)th and (#-3)th terms
and so on.

(t:) sum of squares of two consecutive terms and some term of
the series,

(d) difference of squarss of two consecutive terms and some
term of the series.

{e) relation between any three consecutive terms.

(/) cube of a term--cube of the next term—cube of preceding
term and some term of the Fibenacci series.

(g) difference of the (n-+1)th term of Fibonacei series and the
prqduct of the golden section 3(14++/5) with the nth term of the
series, as m increases.

43.  Verify the following :
3445 50524 1924 242
344545850 | 191244
T2 +3421412=1424-202.1.432
TAL3484 4140=144 12914 434
What is the pattern here ?

4. (i) $="-142857142857...
Multiply 142857 successively by 1,2, 3, 4, 5, 5, 7 and
comment on the pattern.
(i) v%="05882352941176470588...
Multiply 5882352941176470 by 1, 2, 3, 4.... and
comment on the pattern.
(iiiy 5="03448275862068965517241379310344827......

Can you multiply 3448275862068965517241379310 by
any number from 1 to 28 at once ?
(i) Get some more similar patterns.



45, (i) Make 1000 using only 8’s? (84848881 888).
(@) Make 100 using only 7’s ? (7/-7x7/'7 or .£2).
(iii) Make 20 using only two 3’s %3
46. (i) ABCDEx4=EDCBA.
Find A, B,C,D, E;[A=2, B=1, C=9, D=7, E=4§.]
PORK 986723 ]

47. Show that below 10,000, there are only two four figure
numbers which are integral multiples of their reversals. [These are
8712 and 9801.]

48. Show that there are just four numbers (after 1) which are
the sums of the cubes of their digits viz.,
153=1345%1-3% ; 370=33-L731-08
37N =33+-73413; 407=434034 73,

49. Give multiplication sums in which each of the nine non-
zero digits occur once only '
[48x 159, 12 <483, 42 x 138, 18297, 27198,
39 % 186, 48 < 159, 28 %157, 4 x 1738, 4x1963.]

50. (12)2=144, 121)2=441, (13)*2=169, (31)?=961.
Find similar three digit numbers.
[(102)2, (103)2, (112), (113)2, (1222.]

51. Just as polyminoes are formed from squares, the polyia-
monds are figures formed from equilateral triangles. Show that
different non-congruent polyiamonds from 1, 2, 3, 4, 5 and 6 equi-
lateral triangles are 1,1, 1, 3,4 and 12 respectively. How many
different non-congruent figures are made by 1, 2, 3, 4, 5, 6 rezular
hexagons ? :

52. How many different letters of the alphabet are in each of
the following classes :
(i) made of simple lines not enclosing-a space
(#) enclosing one space
(iif) enclosing two spaces.

53.

54,

Which letters of the alphabet have no axis of symmetry,

one axis of symmetry, two axes of symmetry snd more than two axes
of symmetry ?

Draw the curve corresponding to the straight line in the

square grid on each of the following grids.

T
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55.

=1

S ——

(a) Take a coin. Throw it 50 times, 100 times and 200
times and note in each case the number of heads and
tails obtained.

(b) Take a six-faced dice and throw it 150 times, 180
times, 210 times, 240 times, 270 times and 300 times
and note in each case the relative frequencies of the
number of times numbers 1, 2, 3, 4, 5 and 6 turn up.

(c) Repeat the same experiment with each of the four
other regular solids and record your result. .

{d) Rotate the octagon about a najl through 0 and record
the frequencies with which the areas 1, 2, 3, 4, 5, 6, 7,
8 occur in the lowest position.




(e) Do the same experiment with a
pentagon and see what you get.

What patterns do you find in all these
experiments ?

56. Take a drawing board, lined with a grid of parallel lines.
Take a small needie and throw it a large number of times on the
board. Notice in each case the ratio of the number of times it crosses
a line to the total number of times it is thrown. What pattern do

you abserve ? i ; J ’ ; |f
il

57. Take a drawing board ruled with parallel lines and mark
a spot in the centre. From a point vertically above 0 and at some
distance from it, throw rice grains one by one on the board. Note
the ratio of the number of grains in each rectangular grid to the total
number of grains. What pattern do you observe ?

B N
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Show that each curve of the ﬁrst ‘group can be traced w1thouv.
lifting the pencil, while each curve of the second group cannot be so

described. How many odd vertices (i.e., number of points where
odd numbers of lines meet) are there in each curve ? What conclusion
can you draw ? Draw more curves of both types and confirm your
conclusion.

59, How many non-congruent shapes can you make with 2
cubes, 3 cubes, 4 cubes, 5 cubes, when any of two adjacent cubes has
a common face ?

60. Make 6 of these
Assemble the six pieces together to get a cuboid of size
IxaxT.

Generalise to get the formula 124+ 2“+...—|-n2=’m—”6(2"-ﬁ?

6f. Take a piece of plastericine in the form of a denghnot and
convert it into a tea cup.

62. How many axes of symmetry has each of the following
figures ?

O |

L
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63. The following appearcd in mirrors.
mirrors.

OOE)

‘_.,_/

Find lhe position of

WIBLEOEK MBILING
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THOIA OT TH3d



64. Enlarge to twice the size,

65. Find (IxN+7, (IXL1H6, (985, {(FxIBT8)+4,
(93 98765) -3, (9x 987654)+2, (9 x 9876543)+ 1, (9x98765432)+-0,
and comment on the pattern.

66. A triangle ina plane is dis:p}aced to some other part of
the plane. Show that this displacement can be obtained as a resuit
of at most three reflections in suitable lines in the plane..

5 - [4
67. Cut out card board pieces in the f'ollowmg shapes :
{#) circalar disc
(i) triangular region
(iii) square region ‘
{iv} rectangular region . L
(v) paralielogram region '
{vi} trapezinm region
(vit} any convex region
{viif} any nop-convex region
{ix} two intersecting lines .
(x) three intersecting linzs .
Find all possible shapes of shadow of cachi m sunlight.
pattern do you observe 7 Do you find that

(@) paralfé] lines in the original figure remain parallel in
the shadow figure ?

{#) convex regians remain tonvex in the shadow figure ?

(¢} intersccting lines remain intevsecting in the shadow
figure 7

What

68. Show that the succession of two symmetries whose axes
aré at right angles is equivalent to a peint symmetry or half rotation
about an axis perpendicular to the pldne of -the . axes through the”
point of intersection of the axes. '

69, Use symmetry consideration alone to show that the
diagonals of a square bisect each other.

70. Write all the 26 capital letters. Place a mirror below each
and noze the reflection. Which letters remain unchanged 7 Now
similanly place the mirror above each letter or to its right or toits
teft and find in each case which letters remain unchanged 7 Classify
the letters on the basis of your observations ?

71. Give geometrical interpretations for the identities
(n+1P=n+n+n+1
W n =t l1P—(n+1)
(n41)2==n®+43n% 4 3n1.

72. Multiply 12345679 by 9, 18, 27, 36, 45, 54, 63, 72, 81
and explain the plittern observed.

73. {s) The product of any three consecutive integers is
always divisible by some numbers. What is the
~ largest such number ?

{b) The product of any four consecutive integers is always
divisible by some numbers. What is the largest such
number ?

" {¢) Generalise the pattern’ found in (a) and (b} and .
verify it.

{(d) The product of any four consecutive integers when

J:nc_rias'ed'by unity has always a certain form. What .
130 1A

74. Choose any three numbers less than ten and add them.
Form all possible two digit tumbers with these three numbers and
add them. Divide the latter sum by the former. What do you get
and why 7 Try to generalise this result. :

75. Take a three digit number with all three digits different.
Reverse the digits and subtract the smaller number from the . larger.



‘What is the r‘fqlq_dle digit and what is the.sum of the other two
digits ? Expalin. Try a similar pattern with a five digit number.

#6. Take a three digit number, reverse and subtract smaller
number from the larger. Again reverse the d1gits and add. What
number do you get and why ? Try the same process with a four
d:glt number.

“97. Draw a circle and draw 1, 2, 3, 4, 5, 6 straight chords in_

it. Find the maximum number of regions in which the circle is
divided in each ease and obtain the pattern.

78. Muliiply two four digit numbers. Multiply (10,000—
first number) by (second number—1). Add the two-sums. How is
thié sum related to the original numbers ?: Generalise this to five
or six digit numbers.

- 79. Take a rectangular strip as below' anag give it one half-
twist and paste as shown to’ get -a Mobius strip.
Mobius strips with 2 or 3 haif twists and cut the strips along the

- central line or at one-third ling.

~Again make:

Comnplete the following table :

Number of | Number of sides | Kind qi’ cut | Resuitof cut{uum
half-twists and edges ber of sides -and
! edges, length and
i width, number of
| Iioops, twists and
— 1 knots.}
0 | centre
1 centre
i . 0ne~th1rd %
2 . centre
2 one-third
3 centre i
3 . one-third l

80. For each of the following networks, tabulate the numbers
of odd vertices, the number of even vertices .and also the result
whether the network can be traversed without lifting the pencil or
retracing the path. What conclusion, do you draw 7

TWIG):




Draw some more networks and check your conclusion.

.81. For each of the above networks, find the number of
vertices V, edges E and regions R in which the plane is divided and
find V—E-++R.

82. Obtain Pythagorean triplets with the help of the following
“formulae :

e =)

v () (m2 - - 2mn)ts=(m®--nty.

83. Solve the equation @®-+52+c?==r? in integers when r==3, 3,
7,9, 11,...and tabulate all your resufts.

84. Draw a right-angled triangle. Draw on its three sides

(i} squares
(if) rectangles with the other side of twice the length
(ifi) similar triangles
(i) semicircles
 {¥) quarter circles
", (wi) circles inscribed in squares.

What relation do you expect between areas of the figures in
each case ?

85. Let xa 1y m“i( Xn"}'%}

Let N=2, x,=1 : find x;, X3, X35, X5, Xgs osvnen
Let No=3, x;==1; u4nd Xp, X3, Xi; X5, Xgy renese
Let WN=>35, x,=2; find xa, Xa, X1, X5, Xg, -eveer
What do you find ? Explain.

' i N
86. Let Xn+1='“"'§" ( x”"l—i;::ﬁ)
and repeat the above exercise. What do you find ?

87. Fit the twelve pentominoes into

5} one 3% 20 rectangle

(if} one §x 12 rectangle

(i) one 6% 10 rectangle
_ (iv) into the following shapes.

e
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§8. Use four of the pentominoes to build a 20—square
pattern, Use four others to build the same pattern again. The same
pattern must pow be constructed a third time with the tast four
pieces.

89, Use twelve solid pentominoes, each constructed from five
unit cubes to construct

(i} a3xdx5 solid
(i) a 2x5x6 solid
{iif) a 2x 3 x10 solid.
98, (a) Express all the nambers from | to 12 ia terms of four
ones.
(hy Multiply 1, 111, Tilby b, 1L, 111 m the usual
manner and explain the identity
(3, e, 119 =Q1, 111, 110)%==1, 101, 10, 1T, 1L
Generalise the identity.
91. Note carefully the patterns in the tables given at the next

page and extend the tables by adding morc numbers in each column
and adding more columns.



1 2 3 6 9 18
1 2 3 6 9 18 -
4 5 4 7 10 19
7 8 5 8 il 20

10 11 1z 15 12 21

13 14 i3 16 13 22

16 17 14 17 14 23

19 20 21 24 15 24

22 23 22 25 16 25

25 26 23 26 17 26

Show that any number is equal to the sum of the numbers at
the head of the columns in which it cccurs. Show how this |tablc
can b prepared by using -the binary scale of notation. Pfepare
similar tables by using scales of notation with 5 or 7 as base.

92. Prepare a sct of window reading cards for the alphabet,
using the binary scale of notution.

93. (a) Show that 2! is a prime npmber for n=2, 3,7, 13,
17, 19 and 31.
(by Verify that in each of the above case 2"} (2\"-1) is a
perfect number. :

94. A number is called automorphic if all of its powe-rs end in
the same digits. Show that numbers ending in 5, 6, 25, 76, 376,
625 are automerphic.  Find simifar digits in other scales of notation.

95, Form tessellations with the following figures +—

v
> Q

2

(i} modified triangles

if) modified squares

(iii)) modified hexagons.

~Ud

96, Form tessellations with the following :

(i) hexagons and triangles

(ii) hexagons and parallelograms
{iii) hexagens, triangles and squares
(iv) octagons and squares

(») dodacagons and triangles.

97. (4) A boatman can carry a wolf, a goat and a cabbage
across a river in a boat so small that he can take only
one at & time. Furthermore, he must be on hand te
keep the wolf from eating the goat and the goat from
eating the cabbage. How shall he do it ?

(b) Two jealous husbands and their wives must cross a
river on a boat that holds only two persons. How
- ¢can this be done so that a wife is never left with the
other woman's husband unless her own husband is
present,

-98. (2) There are twelve coins, one of which is known to be
' heavier than the others., What is the minimium
number of weighings with an ordinary balance in

- which you can find the defective coin ?

(b} Generalise the problem to any number of coins.

99, There are three men A,B,C, and three jobs I, IL IIL. In
how many ways can one job be - assigned to each man ?  Generalise
the problem to any number # of men and n of jobs.

100. Theré; are 3, 4,5, 6,7, 8 wagons available at stations
A,B,C,D,E,F. Wagons required at stations I, [, IIl, IV are
6,7, 8,10, Suggest at least ten ways of transporting the wagons.
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